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In this PhD research, the confined acoustic phonons of nanostructures are studied by 
Brillouin light scattering (BLS). The acoustic phonons of nanostructures are restricted in low-
dimensions and their frequencies exhibit strong size-dependent features due to spatial 
confinement,. The confined acoustic phonons of silica and polystyrene nanospheres, hollow 
carbon microspheres and GeO2 nanocubes have been investigated by BLS. By analyzing the 
experimental results, their mechanical properties are obtained.  
 
In Chapter 1, a brief review of studies of confined acoustic vibrations of nanostructures 
and objectives of this study are presented. In addition, some basic elasticity concepts in solids 
are introduced. Chapter 2 gives the theoretical background of BLS.  
 
In order to measure the inelastic light scattering from a single isolated nanostructure, a 
micro-Brillouin system has been built, in which a high-resolution microscope is optically 
interfaced to a conventional Brillouin system. This micro-Brillouin system is detailed in 
Chapter 3. 
 
Chapter 4 presents the Brillouin studies of the silica and polystyrene nanospheres. The 
measured mode frequencies ν are found to be inversely proportional to the sphere diameter D, 
i.e. ν ∝ 1/D, and agree well with the theoretical predictions based on Lamb’s theory. The elastic 
properties of silica and polystyrene nanospheres are determined by fitting the calculated 
frequencies to the measured peak frequencies. In addition, simulations show that the 
interactions between contacting spheres in ensembles are insignificant contributing factors to 
the linewidth broadening in their Brillouin spectra.   
 v
 
In Chapter 5, the controversy surrounding the selection rules for Raman and Brillouin 
light scattering from acoustic eigenmodes of nanospheres is addressed. Group theory is used to 
derive the Brillouin selection rules for a sphere with a diameter of the order of the excitation 
light wavelength. The Brillouin spectra of silica nanospheres provide an experimental 
verification of the newly derived selection rules. 
 
Chapter 6 focuses on the eigenvibrations of hollow carbon microspheres with nano-
scale thicknesses. Theoretical calculations based on elasticity theory show that the observed 
Brillouin peaks result from the confined acoustic modes of hollow carbon microspheres. It is 
also found that the elastic constants of hollow carbon microspheres are similar to those of 
carbon films of similar thicknesses. 
 
In Chapter 7, the eigenvibrations of GeO2 nanocubes are investigated by Brillouin light 
scattering. The measured peak frequencies are found to be proportional to 1/L, where L is the 
cube edge length. A finite element method is employed to analyze the eigenvibrations of a free 
nanocube. Simulations show that the elastic constants of the GeO2 nanocubes are much lower 
than those of the corresponding bulk and the lowest-frequency eigenmode has a predominantly 
torsional-like character. 
 
Chapter 8 summarizes the conclusions drawn from the above projects undertaken in this 
PhD research. 
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Chapter 1       Introduction 
 
There is considerable interest in nanostructured materials in view of their 
interesting science and their numerous technological applications in a variety of areas 
such as catalysis, magnetic data storage, nonlinear optics and optoelectronics [1]. A 
nanostructure generally refers to an intermediate size between molecular and 
microscopic (micrometer-sized) structures. However, nanostructured materials are not 
simply a miniaturization of materials from micro scale down to nanometer scale. Two 
principal factors differentiate the properties of nanostructured materials from those of 
bulk materials: increased relative surface area and quantum effects. These factors can 
change or enhance their properties such as elasticity, reactivity, optical and electrical 
characteristics. For example, when a particle decreases in size, the proportion of atoms 
on its surface will increase. Specifically, a particle with a size of 30 nm has 5% of its 
atoms on its surface, at 10 nm 20% of its atoms, and at 3 nm 50% of its atoms [2]. 
Therefore, nanoparticles have a greater surface area per unit mass compared with larger 
particles. As growth and catalytic chemical reactions occur at surfaces, a given mass of 
material in nanoparticle form will be much more reactive than the same mass of 
material made up of larger particles. In tandem with surface effects, quantum effects 
dominate the optical, electrical and magnetic behaviors of nanomaterials. Based on 
these quantum effects, quantum dots and quantum well lasers have been widely applied 
in optoelectronics. Hence, surface and quantum effects can give rise to the unique 
 





properties of nanostructures which are different from those of conventional bulk 
materials.  
 
In the applications of nanostructured materials, an understanding of their 
acoustic and mechanical properties is especially important. For instance, surface 
acoustic wave (SAW) devices normally made of piezoelectric nanofilms, have been 
widely used as band-pass filters in electronics, and bio-sensors [3,4]. Basically, a SAW 
device consists of an input transducer to convert electrical signals to acoustic waves, 
which then travel through a solid propagation medium to an output transducer where 
they are reconverted to electrical signals. From a physical point of view, the films on 
which acoustic waves travel can be considered as one-dimensional nanostructure. Some 
studies [5,6] show that higher acoustic wave propagation velocity on film surfaces can 
improve the performance of SAW devices, and the acoustic wave velocity depends on 
film materials, film thickness and substrate materials [6]. The mechanical properties of 
nanostructures are also critically important to semiconductor fabrication in which the 
ability of a nanostructure to resist buckling or collapse is significant. For example, deep 
UV lithography is routinely used to create nanostructures (nanowalls) in polymeric 
photoresist films. The mechanical properties of these polymeric nanowalls are of 
primary importance because an excess of height-to-width aspect ratio for these walls 
tends to cause a collapse of whole structures [7,8]. Recently, Balandin [9] put forward 
the concept of “phonon engineering” which may lead to progress in electronic and 
optoelectronic devices. He proposed that acoustic phonon spectrum of nanostructures 
undergoes modification due to spatial confinement resulting in the emergence of many 
quantized phonon dispersion branches, changes in the phonon density of states, and 
 





hybridization of phonon modes [10-12]. And these quantized phonons manifest 
themselves practically in all electronic, thermal, and optical phenomena in 
semiconductors. By tuning the size, shape, interface, and mass density of nanostructures, 
one can change the phonon spectrum in a desired way, which is similar to energy band 
engineering in semiconductors. One of the practical realizations of the above proposal 
on phonon engineering is SASER (sound amplification by stimulated emission of 
radiation) [13-15]. In a semiconductor superlattice structure, the artificial periodicity of 
the lattice potential along the growth direction gives rise to the folding of the conduction 
band into a series of minibands separated by minigaps. The width of the minibands 
depends on the probability of tunneling between adjacent quantum wells. It has been 
reported that resonance-like emission of terahertz acoustic phonons has been achieved 
in weakly coupled semiconductor superlattice, when the Stark splitting of the adjacent 
quantum well levels matches the energy of miniband-center acoustic phonons [15]. This 
is exactly the condition when efficient feedback is realized for phonons with high 
amplification, which is qualitatively similar to distributed feedback lasers. Furthermore, 
the frequency of emitted acoustic phonons can be tuned by choosing different materials 
and lattice periods. Therefore, a knowledge of mechanical and acoustic properties of 
these nanostructures plays a significant role in their applications. 
 
Besides the above examples related to film structures, other nanostructures such 
as nanospheres, hollow microspheres of nano-scale thickness, and nanocubes are also 
important in the applications such as photonic and phononic crystals, drug delivery, 
hydrogen storage, and biodetection. However, information on their acoustic and 
mechanical properties is scarce. This thesis aims to study their acoustic eigenvibrations, 
 





and to determine their mechanical properties. In this study, the eigenvibrations of these 
nanostructures show strong size and shape dependent features and thus are greatly 
different from acoustic waves in their corresponding bulk materials. These specific 
acoustic features characterize nanostructures and are useful in the design and 
exploration of novel nanodevices.  
 
1.1 Review of studies on confined acoustic phonons of nanostructures 
In an infinite elastic solid medium, acoustic waves such as longitudinal and 
transverse acoustic waves are governed by the Navier equations [16] that describe the 
dynamic motions of solids. However, when at least one of the dimensions of a solid 
object decreases to be near or smaller than the phonon wavelength, phonon confinement 
results in a strong modification of the acoustic phonon spectrum [11]. The frequencies 
of the confined acoustic phonons in a nanostructure depend on its shape and its 
boundary conditions. Thus, the confined acoustic modes are sensitive to physical 
structures and should show significant size-dependent features.  
 
The dimensionality of confinement depends on the number of directions in 
which the propagation of waves is restricted. Waves in a bulk material are not confined 
and the dimensionality of confinement is said to be zero. In thin films and quantum 
wells, propagation of waves is restricted in one dimension, and accordingly the 
dimensionality of confinement is one. Similarly, in nanowires and nanotubes, the 
dimensionality of confinement is two, as the propagation of waves is restricted in two 
dimensions. The highest confinement dimensionality of three occurs in nanostructures 
such as nanospheres and quantum dots where the propagation of waves is restricted in 
 





all three dimensions. When the phonon wavelength λ ~ D, the nanostructure dimension, 
the confined acoustic phonons no longer have a propagating character and are generally 
understood as normal vibrations of the whole nanostructure. In principle, the confined 
acoustic phonons in a nanostructure manifest themselves via the appearance of discrete 
peaks in inelastic light scattering spectra and the blue shift of these peaks with 
decreasing nanostructure size. 
 
As mentioned above, the acoustic vibrations in thin films and superlattice are 
only confined in one dimension. These confined acoustic modes have been widely 
studied by Raman light scattering, Brillouin light scattering and time-resolved 
spectroscopy [17-20]. Consider a 50-period GaAs/AlAs superlattice, along the growth 







ν ⎛ ⎞= +⎜ ⎟⎝ ⎠  [13], where d and V are, respectively, the thickness of and sound 
velocity in the appropriate superlattice layer, and n denotes the sequence of modes. 
Compared to thin films, the confined acoustic phonons in three dimensional 
nanostructures such as nanoparticles, nanorings and nanocubes are more complicated.  
 
The first observation of confined acoustic modes of nanoparticles was reported 
in the Raman study of spinel microcrystallines by Duval in 1986 [21]. One low 
frequency peak with a frequency of several cm-1 was observed in the Raman spectrum 
and was attributed to the spheroidal mode of the nanospheres. Interestingly, the mode 
frequency was found to shift with the variation in the particle size. That is, the mode 
frequency is proportional to the inverse diameters of the particles. This size dependent 
 





feature agrees well with the theoretical predictions based on Lamb’s theory [22]. In the 
following years, nanoparticles of different materials, such as CdSe, CdS, Ge, Si, were 
studied by Raman scattering [23-26]. However, these Raman experiments only study 
the particles of sizes ranging from several nm to tens of nm because it is very hard for 
Raman scattering to detect the vibrations of frequency below 1 cm-1. Particles of several 
hundreds of nanometers or microns were not studied until Brillouin light scattering was 
introduced to this field [27]. Using Brillouin light scattering, many more confined 
acoustic modes can be observed [27-30] and the mode frequencies are measured more 
accurately. Time-resolved spectroscopy is another important technique used to 
investigate the eigenvibrations of nanoparticles [31-34]. It is a time domain technique, 
and is also called the pump-probe method because two short optical pulses are used in 
this technique. With the help of femtosecond-pulsed lasers, it is possible to study 
processes which occur on time scales as short as 10−14 seconds. Thus, the ultrafast 
response of samples upon femtosecond excitation of their plasmon resonance can be 
measured. However, in the study of eigenvibrations of nanoparticles, this technique is 
limited to metal particles because free electrons are needed to absorb and transfer the 
energy from the ultrafast laser pulse used as the pump light [31]. In addition, it can only 
probe acoustic phonons in the time domain; whereas theoretically, it is easier to deal 
with acoustic phonons in the frequency domain. 
 
In the above mentioned Brillouin and Raman experiments, the nanoparticles 
studied are often, for simplicity, assumed to be spherical and the measured data are 
analyzed within the theory formulated by Lamb [22] for a homogeneous elastic sphere. 
In this theory, the confined acoustic modes of a sphere are classified as spheroidal or 
 





torsional, which are labeled by l = 0, 1, 2, . . . the angular momentum quantum number, 
and n = 1, 2, 3, . . . , the sequence of modes in increasing order of energy. A free surface 
is required by Lamb’s theory as the boundary condition. However, in these previous 
studies [23-28,30], nanoparticles studied did not have free surfaces. Most were 
embedded in matrices [23-25], while others were crystalline opals composed of ordered 
arrays of nanospheres [27] or aggregates of loose nanospheres [28,30]. Thus, on the 
surfaces of these spheres, the stress and strain are not completely zero and the free 
surface conditions of the Lamb theory are not fully satisfied in these studies. Also, the 
contact between neighboring spheres could lead to vibration damping and energy loss 
[35-37]. A theoretical study [36] has shown that, when the acoustic impedances of 
matrix material and the embedded spheres are the same, the vibration energy loss from 
the sphere can be very large. Several other studies have also showed that the 
eigenvibrational frequencies of nanospheres embedded in matrix are different from 
those of free surface nanospheres [36,38,39]. Hence, the Lamb theory has not been 
experimentally tested under rigorous free surface conditions though it has been widely 
applied in most studies. Also, the study of a sphere’s eigenvibrations under different 
surface conditions can help to understand how environmental factors affect its 
vibrations, especially the phonon lifetimes. 
 
Besides the Lamb theory, selection rules are also fundamentally important in this 
study, e.g. in the assignment of acoustic modes observed in Raman or Brillouin spectra. 
Duval [40] derived the first Raman selection rules for these eigenmodes of nanoparticles 
by group theory. However, his selection rules are applicable only when the nanoparticle 
size is much smaller than the wavelength of the incident light. He stated that only 
 





spheroidal modes with l = 0 and 2 are Raman active and all torsional modes are Raman 
inactive. Most Raman experimental studies [23-26] agree with Duval’s selection rules 
despite Wu [41] reporting the observation of torsional modes in his Raman study of 
silicon nanocrystals. Very recently, Kanehisa pointed out that Duval’s selection rules 
were not correct and stated that only the torsional mode with l = 2 was Raman-active 
[42]. A subsequent comment, by Goupalov et al. [43], which refuted Kanehisa’s model 
and his subsequent rebuttal [44] have exacerbated the current controversy. 
Unfortunately, Raman experiments are unable to provide adequate evidence to resolve 
this controversy. The selection rules are critically important to analyze the Raman 
results of nanoparticles. 
 
Experiments [27-30] have shown that Brillouin scattering is more appropriate 
than Raman scattering to study the confined acoustic modes of submicron spheres 
because their mode frequencies mainly lie in the gigahertz range. In Brillouin 
experiments, the sphere sizes are of the order of excitation wavelength, which are 
normally several hundred nm. Thus, the Raman selection rules cannot be applied. In 
previous Brillouin studies of silica opals [27-29], polystyrene opals [45], and CaCO3 
colloidal spheres [46], selection rules used to assign Brillouin peaks due to confined 
acoustic modes lack consistency. Apparently, there are two sets of selection rules. In 
Refs. 27-29, the assignment rules are assumed to be spheroidal modes of l equal to an 
even integer. However, in Cheng and Faatz’s studies of polystyrene opals and CaCO3 
colloidal spheres [45,46], the spheroidal modes of l equal to any odd or even integer are 
allowed. Furthermore, there are no convincing theoretical foundations to support their 
mode assignment models. Therefore, there is a critical need to establish selection rules 
 





to correctly assign the confined acoustic modes of spheres studied by Brillouin light 
scattering, which serve as the basis for determining their mechanical properties.  
 
For experimental measurement of the confined acoustic phonons of 
nanostructures, thin films and nanospheres have been extensively studied. However, at 
the same time, a lot of new and more complicated nanostructures have been fabricated 
that call for more attention, such as core-shell composite spheres, hollow spheres, 
nanowires and nanocubes. Very rare experimental study has been done on these 
nanostructures and their low-frequency acoustic features are still unknown.  
 
1.2  Objectives of present study 
In this thesis, Brillouin light scattering was performed to probe the acoustic 
vibrations of several nanostructures. There are four main aims in this thesis.  
 
(i) To investigate the eigenvibrations of single isolated nanospheres.  
Although the Lamb theory is widely used to calculate the eigenmode frequencies 
of spheres, free surface boundary conditions are not fully satisfied in most experiments. 
In order to test the Lamb theory under free surface conditions, a new micro-Brillouin 
system was built and used (see Chapter 3), which allowed us to actually observe and 
collect signals from a single isolated nanosphere with the help of a high-resolution 
microscope. The study of eigenvibrations of a single isolated silica nanosphere is 









(ii) To address the current controversies surrounding the selection rules. 
In Chapter 5, the Raman intensities of torsional modes were calculated based on 
a macroscopic model. These calculation results cast doubt on the validity of Kanehisa’s 
selection rules [42]. Then the group theory on full rotation group (O3) was introduced 
and applied to derive new Brillouin selection rules. Finally, the Brillouin experimental 
results of silica nanospheres were used to verify new selection rules and to disprove 
other mode assignment models.  
 
(iii) To investigate the acoustic eigenvibrations of new nanostructures.  
The low-frequency acoustic vibrations of hollow carbon microspheres and GeO2 
nanocubes were investigated by Brillouin light scattering and the experimental results 
are shown in Chapter 6 and 7, respectively. The observed acoustic modes were expected 
to result from spatial confinements and analyzed by elasticity theory and finite element 
methods.  
 
(iv) To obtain and discuss the mechanical properties of nanostructures.  
In this PhD research, three different nanostructures were studied using Brillouin 
light scattering. They are silica and polystyrene nanospheres, carbon microspheres and 
GeO2 nanocubes. By fitting the theoretical mode frequencies to the measured ones, 
mechanical properties, such as Young’s modulus and Poisson ratio, of these 
nanostructures can be obtained.  
 
This Brillouin scattering study provides a new method to discover acoustic and 
mechanical properties of nanostructures, which could contribute to a better 
 





understanding of spatial confinement in nanomaterials. Knowledge of their acoustic and 
mechanical properties should be useful for industrial applications, such as photonic and 
phononic crystals, biosensors and lithium storage. 
           
1.3  Methodology  
One of the aims of this thesis is to determine the mechanical properties of 
nanostructures by Brillouin light scattering. The confined acoustic phonons of 
nanostructures are often displayed in the frequency domain in this Brillouin study. 
However, the measured phonon frequencies can not directly give the corresponding 
mechanical properties of nanostructured materials, such as Young’s modulus and 
Poisson ratio. Therefore, a theoretical analysis is needed here. Elastic constants or sound 
velocities of the studied nanomaterials can be determined by choosing suitable 
theoretical models. This theoretical analysis is very similar to an inverse scattering 
problem that is generally known as a problem of determining the characteristics of an 
object such as its shape, internal properties, etc., from the measured data of radiation or 
particles scattered from the object.  In this study, a suitable theoretical model is first 
chosen to calculate eigenmode frequencies of the nanostructure studied. Elastic 
constants or sound velocities are input into this model as initial parameters. Normally, 
the calculation of eigenfrequencies is done using computer programs. The elastic 
constants or sound velocities can be approximately obtained by fitting the calculated 
frequencies theoν  to the measured frequencies exptν  to minimize the residual R 
[ 2( )theo exptν ν= −∑  ]. In this study, several theoretical models [22,47-49] were used to 
determine the mechanical properties of nanostructures studied. It is noted that these 
 





models are based on a classical continuum theory. A study has shown that classical 
continuum elasticity breaks down only when the wavelength of the excitation is smaller 
than a characteristic length of approximately 40 atoms [50]. The nanostructures studied 
in this project are all much larger than this limit. 
 
In the following section, some basic elasticity concepts in solids will be briefly 
introduced, which are the foundations for discussing the elastic properties of 
nanostructures. 
 
1.4  Basic mechanical concepts in solids 
The following section introduces some terms and concepts used in acoustic 
dynamics and the elasticity theory of solids.  
 
1.4.1 Stresses and strains 
Consider a piece of solid specimen of length L0 and cross-sectional area A. The 
specimen is a rectangular prism, at rest and in equilibrium with respect to internal 
traction forces. If an external force is applied axially along the length of the specimen, a 
stress is developed. In the context of the uniaxial tension resulting from the applied 
force F, the stress Τ normal to the cross-section is related to the applied force by 
                                                                  .
A
= FT                                                         (1.1) 
Tensile stresses are designated by positive values and compressive stresses negative 
values. In this case, the stress has a positive value and the state of stress is considered to 
be uniaxial. Developed stresses can be regarded as internal resistance to an applied load. 
 





In the case of applied forces within the plane of the cross-section (transverse to the 
cross-section normal), they are referred to as shear stresses.   
 
If the magnitude of the applied force is great enough to exceed some critical 
value related to the inherent mechanical strength of the specimen, the specimen will 
begin to increase in length. By knowing the ‘post-stretched’ length L, the nominal strain 
s can be defined as 




−=s                                                          (1.2) 
From Hooke’s statement, the stretch is considered as a result of the tension. Upon 
further stretching, the cross-sectional area decrease. Therefore, true stresses and strains 
must be defined differently. The stain and stress values on the surfaces of solids are 
often considered as the boundary conditions in classic elasticity theory. For example, for 
a free surface sphere, the strain and stress on the spherical surface are set to zero. 
 
1.4.2 Elastic constants of solids 
Hooke’s law is the basic theory to describe the linear elasticity in solids 
formulated by Robert Hooke in 1676. Later, Tomas Young found that the 
proportionality could be extended to an anisotropic medium so that the stress (σ) and 
strain (ε) are related by σi = Cijεj, where the proportionality constants (Cij) are elastic 
constants. Although most materials are intrinsically nonlinear, the law is a good 
approximation to the behavior of most types of materials within the range of 
recoverable, small strains. According to Hooke’s law, the stress is proportional to the 
 





strain for small displacements. In a generalized form, this proportionality principle is 
extended to six stresses and strains. Thus the generalized Hooke’s law can be written as: 
 
                            
11 12 13 14 15 16
21 22 23 24 25 26
31 32 33 34 35 36
41 42 43 44 45 46
51 52 5
xx xx yy zz yz zx xy
yy xx yy zz yz zx xy
zz xx yy zz yz zx xy
yz xx yy zz yz zx xy
zx xx yy
C C C C C C
C C C C C C
C C C C C C
C C C C C C
C C C
σ ε ε ε ε ε ε
σ ε ε ε ε ε ε
σ ε ε ε ε ε ε
σ ε ε ε ε ε ε
σ ε ε
= + + + + +
= + + + + +
= + + + + +
= + + + + +
= + + 3 54 55 56
61 62 63 64 65 66
zz yz zx xy
xy xx yy zz yz zx xy
C C C
C C C C C C
ε ε ε ε
σ ε ε ε ε ε ε
+ + +
= + + + + +
                           (1.3) 
 
In a matrix form, these elastic constants can be written as following: 
 
                                           
11 12 13 14 15 16
21 22 23 24 25 26
31 32 33 34 35 36
41 42 43 44 45 46
51 52 53 54 55 56
61 62 6
C C C C C C
C C C C C C
C C C C C C
C C C C C C
C C C C C C
C C C
                   
                    
                  
                  
                  
         3 64 65 66C C C
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥         ⎢ ⎥⎣ ⎦
                                   (1.4) 
 
In crystallography, there are 32 symmetric point groups that can be subdivided into 
fourteen Bravais or space lattices. These lattices are further grouped into seven crystal 
systems: triclinic, monoclinic, orthorhombic, tetragonal, cubic, trigonal and hexagonal. 
The elastic constants matrix for isotropic and cubic structures can be show as [51]: 
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,                          (1.5) 
and                                                 
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440 0 0 0 0 C
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥                                  ⎢ ⎥⎣ ⎦
.                                    (1.6) 
 
Isotropic systems have two elastic constants each, viz. C11 and C12. For isotropic 
materials, the mechanical properties, such as Young’s modulus (Y) and Poisson ratio (σ), 
are related to the elastic constants as follows:  






CCCCY ++−=                                           (1.7) 





+=σ                                                 (1.8) 
 
1.4.3 Dynamic motions of an elastic solid 
In a uniform stress field and in an absence of body forces and torques, the 
particles in a solid experience no resultant forces, and so there are no accelerations. 
Accelerated motion is brought about by nonuniformity in the stress field or stress 
gradient. Consider the two forces in the 1x  direction acting on a small cube of side xδ  
 





depicted in Fig. 1.1. These forces acting across the two forces normal to the 1x  direction 
are not exactly equal and opposite, since they depend on the stress 11σ  evaluated at 
slightly different positions 1 2
xx δ= ± . They are thus given by  






σ δσ δ σ ∂± = ± ∂ .                                (1.9) 















σ δ∂∂ can be obtained. The resultant force in the 1x  
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The same argument can be applied to the 2x  and 3x  component of force, and therefore 
the i’th component of the resultant force is 




σδ δ∂= ∂ .                                            (1.10) 
This force causes an acceleration, which, according to Newton’s second law, is given by  






u uF m x
t t
δ ρδ∂ ∂= =∂ ∂                                         (1.11) 
where 3m xρδ=  is the mass of the cube. From the above two equations (1.10 and 1.11), 
it follows that  







σρ ∂∂ =∂ ∂                                                 (1.12) 
Expressing the stress in terms of stress-strain relations (see the last section) and the 
strain in terms of the displacement field, and making use of the symmetry of the elastic 
stiffness tensor with respect to interchange of indices, one readily arrives at  








ρ ∂ ∂=∂ ∂                                            (1.13) 
This is the wave equation (actually a set of three equations, for i = 1, 2, 3) for a general, 
elastic anisotropic solid in the limit of small displacement. In Chapters 4 and 6, the 
eigenmode frequencies of sphere and hollow sphere are calculated based on Eq. (1.13). 
Next, the solutions of the above motion equation in isotropic solids are given. The trial 
solutions can be plan waves of the following form: 
                                                      exp[ ( )],i iu U i tω= ⋅ −k x                                        (1.14) 
where ( )iU=U  the polarization vector, ( )ik=k  the wave vector ( 2 / ,π λ=k  λ is the 
 





wavelength), and ω, the angular frequency. On substituting into Eq. (1.13), a set of three 
linear equations relating these quantities results: 
                                                       2( ) 0ijkl j l ik kc k k Uρω δ− =                                       (1.15) 
In the case of an isotropic solid, it can be, without loss of generality, assumed that the 
propagation direction is along the 1x  axis, i.e., the only nonzero component of k is 
1k k= . Introducing the Lamè constants λ  and μ : 
                                            12 ,C λ=  44 ,C μ=  and 11 2 .C λ μ= +                               (1.16) 
Eq. (1.15) becomes  



















                                       (1.17) 
Here, the displacements in three orthogonal directions are completely uncoupled. 
Nontrivial solutions take the form of either U1, U2 or U3 being nonzero, and the other 
two being zero. The mode with U1 nonzero has its polarization vector parallel to its 
wave vector and is called the longitudinal mode. The phase velocity of this wave 
(longitudinal velocity) is  
                                                 11( 2 ) / / .LV Ck
ω λ μ ρ ρ= = + =                             (1.18) 
The other two modes have their polarization vectors perpendicular to their wave vector, 
and are known as transverse modes. They both have the same phase velocity (transverse 
velocity) 
                                                      44/ / .tV Ck
ω μ ρ ρ= = =                                   (1.19) 
 





In Chapters 4 and 6, the sound velocities are input as parameters into characteristic 
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Chapter 2    Brillouin light scattering 
  
2.1   Brillouin light scattering 
2.1.1 Introduction 
Brillouin light scattering (BLS) originally refers to the inelastic light scattering 
of an incident optical wave field by thermally excited phonons of a medium. The first 
theoretical study of the light scattering by thermal phonons was done by Mandelshtam 
[1] in 1918, but his paper was published in 1926. Léon Brillouin independently 
predicted light scattering from thermally excited acoustic waves in 1922 [2]. Later 
Gross [3] gave an experimental confirmation of such a prediction in liquids and crystals 
in 1930.  
 
Classically, Brillouin scattering is described as arising from statistical density 
fluctuations due to acoustic vibrations in the scattering medium. These fluctuations 
travel at the local speed of sound and the frequency of the scattered light is Doppler-
shifted. The Brillouin shift frequency is generally very small compared to other inelastic 





v of Brillouin scattering for liquid and solid media is of the order of 
10-5. The highest scattering intensity is recorded if the Bragg condition, viz., the angle 
between the direction of the incident light and the direction of the acoustical waves is 
equal to the Bragg angle, is fulfilled [4]. However, it is noteworthy that the Brillouin 
 





scattering observed from nano-size structures in this project is unlike conventional 
Brillouin scattering from acoustic waves whose frequencies, in general, depend on the 
refractive index of the sample medium and the scattering angle. The frequencies of 
Brillouin scattering from nanostructures are independent of their refractive indices and 
scattering angle. This is because the eigenvibrations of nanostructures do not have a 
traveling character, when the nanostructure sizes are comparable to the phonon 
wavelength.  
 
2.1.2   Kinetics of Brillouin scattering 
The Brillouin scattering from transparent or opaque macro-sized solids has been 
described by many authors, including Landau and Lifshitz [5], Brüesch [6] and 
Sandercork [7]. 
 
The kinematics of Brillouin scattering follows directly from the conservation of 
energy ( )ωh=E : 
                                                            s iω ω= ±Ω                           (2.1) 
and the conservation of momentum ( )= hp k : 
                                                             = ±s ik k q                                           (2.2) 
among the phonon and the incident (i) and scattered (s) photons (illustrated in Figs. 2.1 
and 2.2), where Ω and q are the angular frequency and the wave vector of the phonon 
respectively, and ωi, , ik , ωs, sk are angular frequencies and wave vectors of the 
incident and the scattered light respectively. From a quantum mechanics point of view, 
such a light scattering process is interpreted as the creation or annihilation of a phonon 
 





in which the photon loses or gains the energy of the phonon respectively. These 
processes are schematically illustrated in Fig 2.2 as the Stokes event [“-” sign in Eq. 
(2.2)] and anti-Stokes event [“+” sign in Eq. (2.2)] respectively.  
 
 




Figure 2.1 Conservation of momentum in Brillouin scattering: Stokes scattering (left) 
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Since the energy of acoustic phonons is, at most, of the order of 10-2 eV as 
compared to the energy of a visible photon (wavelength 0λ ), typically a few eV, the 
difference between ωi and ωs is small, i.e 
                                                           .i sω ω ω≈ =                                    (2.3) 
Since ik  and sk  are almost the same, we have: 
                                                         ,n
c
ω≈ =i sk k                                       (2.4) 
where n is the refractive index of the scattering medium for a given frequency of the 
light, and c is velocity of light. 
 
In this case the scattering angle θ  in Fig. 2.1 is given by  
                                                  2 sin
2
q θ⎛ ⎞= − = ⎜ ⎟⎝ ⎠i s ik k k  ,                         (2.5) 
From equation (2.5), it follows that the wave vector of the phonon, q ≤ 2 i,sk . As the 
wave vector k ≈104 cm-1 for light in the visible and ultraviolet (UV) region, q is far 
below the distinguishing value of Brillouin zone wave vectors (π/a ∼ 108 cm-1, where a 
is the lattice parameter). This means that the dispersion curves of acoustic modes with 
very small wave vectors near the center of the Brillouin zone are probed by Brillouin 
scattering. The dispersion of acoustic modes is given by 
                                                              qVΩ = q ,                                       (2.6) 
where Vq is the phase velocity of the phonon. Values of Vq in crystals are of the order of 
103-104 ms-1, i.e. Vq << c. 
 
 





Based on , ,i s i s
n
c
ω=i,sk , where ni,s are the refractive indices for the respective 
frequencies and polarizations of the incident and scattered light waves, the solution for 
the conservation of energy of Brillouin shift is 












⎛≈Ω θω sisiqi nnnnc
V
              (2.7) 
For i sn n n= = , it follows that 




θω⎛ ⎞ ⎛ ⎞Ω ≈ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠                (2.8) 
The shift is maximal in the backscattering geometry when θ = 180°, and zero at θ = 0°. 
Therefore, in most Brillouin experiments, backscattering configuration with θ = 180° 
has become a familiar configuration. The order of magnitude of Ω is ~ 1 cm-1 (or ~ 30 
GHz), which is too small to be recognized by grating spectrometers. Therefore a 
specialized technique, multipass Fabry-Perot spectrometry, is used to observe Brillouin 
peaks which are very close to the Rayleigh (elastic) peak. 
 
2.2  Comparison with other techniques  
2.2.1 Raman scattering  
The concept of inelastic scattering of light was first predicted in 1923 by A. 
Smeckal [8]. However, it was not observed until 1928 when Sir C.V. Raman carried out 
the first set of experiments [9], which confirmed this prediction and was named after 
him. Unlike the elastic scattering of light such as Rayleigh scattering, Raman scattering 
is an inelastic process caused by quasi-particle excitations of the medium. These 
excitations can be vibrational modes in a molecule, phonons in a crystal, plasmons, 
 





single particle electronic excitations, magnons etc [10]. Although Raman and Brillouin 
scattering are both inelastic light scattering, they are normally quite distinct processes 
that take place when light is scattered by, respectively, optical and acoustic phonons. 
Therefore, the difference between Brillouin scattering and Raman scattering is 
considered to lie in the different experimental techniques and the resulting different 
available frequency range. Brillouin scattering is technically limited to the detection of 
vibrations with frequencies below about 500 GHz, while with Raman scattering much 
higher frequencies in the THz range can be measured. Also, very high-contrast Fabry-
Perot spectrometers are employed in Brillouin scattering instead of the gratings and 
double monochromators utilized in Raman scattering.  
 
2.2.2 Resonant ultrasonic spectroscopy 
Resonant ultrasonic spectroscopy (RUS) has been widely applied to the study of 
condensed matter physics and materials science. It provides probably the most accurate 
characterization of the elasticity of solids, and is a sensitive probe of any entity in the 
material which couples to long-wavelength phonons. In principle, RUS is based on the 
measurement of vibrational eigenmodes of samples of well defined shapes, usually 










Figure 2.3 A sample–transducer arrangement for RUS. 
 
A sample is held lightly between two piezoelectric transducers. The sample is 
excited at one point by one of the transducers. The frequency of this driving transducer 
is swept through a range corresponding to a large number of vibrational eigenmodes of 
the sample. The resonant response of the sample is detected by the opposite transducer. 
A large response is observed when the frequency of the driving transducer corresponds 
to one of the eigenfrequencies of the sample. Although the RUS method is relatively 
adequate in achieving better accuracy than other techniques, it has the following 
restrictions: relatively large samples are required for accurate measurements; a number 
of independent measurements, often for separate samples, are needed to fully 
characterize the elastic properties of a material. In the case of nanostructures, the RUS 
may not be a suitable technique to measure their elastic properties because technically, 









2.2.3 Time-resolved spectroscopy 
Time-resolved spectroscopy [12] is a time domain technique which is also called 
the pump-probe method because two short optical pulses are used in experiments. The 
“pump” pulse generally has a strong intensity, while the “probe” pulse is usually much 
weaker. The pump pulse excites the sample under study and induces changes in its 
optical properties. The probe pulse arrives on an excited spot with a variable delay, and 
monitors the induced changes in the sample’s optical properties. The delay between 
pump and probe pulses can be adjusted by an optical delay line with high accuracy, 
allowing for monitoring changes of the optical properties on a femtosecond timescale. 
Thus, the time resolution of this method is limited by the duration of pump and probe 
pulses. Time-resolved spectroscopy has been applied to the study of acoustic 
eigenvibrations in metal nanoparticles [13,14]. When an ultrashort pump pulse irradiates 
a metal particle, some of the particle’s free electrons are excited. These excited 
electrons quickly thermalize with the other electrons, and, soon after (typically 10 ps for 
a 10 nm particle), the whole particle cools down to ambient temperature via heat 
diffusion. Just as a sharp rap causes a bell to ring, the sudden heating of the electron gas 
gives rise to elastic oscillations inside the metal nanoparticles and these elastic 
oscillations couple to the optical response, mainly via a shift and/or broadening of the 
surface plasmon resonance. Thus, time-resolved spectroscopy can probe the elastic 
oscillations of metal nanoparticles by measuring time-dependent optical response, such 
as transient absorption. Although this technique provides direct observation of the decay 
of these elastic oscillations, from a theoretical point of view, it is easier to deal with 
elastic vibrations in the frequency domain rather than time domain, which is the case for 
BLS. 
 





2.3  Applications of Brillouin light scattering 
Used in conjunction with systems such as optical microscopes, electromagnets, 
cryostats and diamond anvil cells (DAC), Brillouin spectroscopy can be used in a wide 
range of materials research. Examples are given below: 
 
1. Direct measurement of the phonon density distribution  
Brillouin spectroscopy is known to be a valuable probe of acoustic phonons in 
gases, liquids and solids. From the theoretical point of view, it is a technique for direct 
measurement of phonon density distribution [15], which is an important quantity in 
condensed matter physics and material science. 
 
2. Investigation of surface elastic wave characteristics 
Brillouin scattering has been widely used to detect the anisotropy of elastic 
waves on surface and interface of semiconductors, thin films and layer structured solids 
[16,17] due to its high sensitivity to acoustic waves propagating on and near the surface. 
The spectral width of the scattered light, examined at high resolution, yields information 













3. Determination of physical constants of materials 
i) Photoelastic coefficients 
Photoelastic coefficients (or Pockels coefficients) can be determined from 
Brillouin measurements of the scattering intensity. The Brillouin scattering coefficient 
[18] of a crystal is expressed as 


















π   (2.9) 
where V is the velocity of the acoustic waves of a given polarization, kB is the Boltzman 
constant, T is the temperature of the crystal, ni and ns are refractive indices in the 
directions of the respective incident and scattered light, θi and θs are angles between the 
electric field tensor and the dielectric displacement vector of the respective incident and 
scattered light of the given polarization, αj and βl define the polarization states of the 







nmjlmnljjl qpnn γ , pjlmn is the Pockels 
photoelastic tensor, qm and γn are components of the respective propagation vector and 
polarization vector of the acoustic waves. Hence by measuring R, the Pockels 
coefficients can be obtained. 
 
ii) Refractive index 
From Eq. 2.8, for 180º-backscattering, the refractive index of a medium, n, is 
related to the bulk phonon velocity VB and angular frequency Ω excited with laser 
radiation of wavelength λ0 by 






Ω=  ,                                                  (2.10) 
 





The refractive index of a material can thus be determined by Brillouin scattering.  
 
4. Investigation of spin waves in magnetic materials 
Brillouin light scattering has proven to be a powerful method for studying the 
spin dynamics of micro- and nano-scale patterned magnetic structures [19,20]. From 
spin wave measurements, information can be extracted on the magnetic properties, such 
as magnetic anisotropy contributions, homogeneity of internal fields, as well as 
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Chapter 3     Instrumentation and micro-Brillouin setup 
 
In this chapter, the instruments and the experimental setup for Brillouin 
scattering are described in detail. In order to record the Brillouin spectrum of single 
isolated nanostructures, a micro-Brillouin system, which comprises a high-resolution 
optical microscope optically interfaced to a conventional Brillouin system, has been 
designed and put together.  
 
3.1   Instrumentation 
As mentioned in Chapter 2, Brillouin light scattering is an inelastic light 
scattering whose intensity is usually much weaker than that of the elastic Rayleigh 
scattering. The observation of Brillouin shifts was thus very difficult until the advent of 
lasers in the 1960’s. With the introduction of laser as a powerful source of 
monochromatic light and the high-contrast interferometer, the Brillouin scattering 
technique was experimentally realized [1,2] and the subject of Brillouin spectroscopy 
has received widespread attention. The major instrumentation of a micro-Brillouin light 
scattering system is introduced below. 
 
3.1.1 Argon-ion laser 
In Brillouin light scattering, single-mode laser light is needed as mode-hop free 
operation is essential. A Spectra-Physics BeamLok 2060-6RS argon-ion laser (Fig. 3.1) 
equipped with microprocessor-based Model 587 Z-Lok system was utilized in this study. 





The BeamLok  ion laser system consists of a BeamLok laser head, plasma tube, Model 
2580 power supply, Model 2470 system remote control module, and Model 2474 
Beamlock remote control module. These components make up a laser system that is 
extremely stable. BeamLok is an active beam positioning system. It provides an 
automatic means of holding the output beam falling on a fixed reference point. When 
engaged, the beam position detector will sense any change in beam position and adjust 
the output coupler to compensate. The microprocessor-based Model 587 Z-Lok system 
is an etalon accessory for Spectra-Physics BeamLok-series ion lasers. It provides 
automated single-frequency operation with stable output power. When combined with 
BeamLok, it controls the laser cavity length in order to stabilize both frequency and 
beam movement as well as to prevent mode hops. A water chiller circulates distilled 
water to the laser tube in order to prevent over-heating of the laser compartments. The 
circulation of the chilled water is to be maintained throughout the whole experiment. 
The laser power output is normally set to 0.2 W at 514.5 nm. One hour is needed for the 
stabilization of the laser beam for single mode operation. 
 
Figure 3.1   The Spectra-Physics BeamLok 2060-6RS argon-ion laser. 





3.1.2 Fabry-Perot interferometer 
In Brillouin experiments, the Fabry-Perot interferometer is used to extract the 
weak inelastic component of light from the elastically scattered contribution. However, 
in conventional interferometry using one etalon, the analysis of inelastic excitations is 
disturbed by the ambiguous assignment of measured frequency shifts to the appropriate 
transmission order, since the transmission is periodic in λ/2 in the mirror plate spacing. 
These ambiguities are avoided in the tandem etalon arrangement invented by 
Sandercock [3,4]. Multipass operation allows for a high contrast of better than 1010 
enabling detection of elastic and magnetic surface excitations even in metallic systems 
with sensitivity down to the monolayer regime. 
 
A typical Fabry-Perot interferometer consists of two plane mirrors mounted 
parallel to one another, with an optical spacing l1 between them. For a given spacing l1, 
light is transmitted only if the l1 is equal to a multiple of half of its wavelengths λ: 
                                                              λ11 2
1 ml =                         (3.1) 
with m1 being an integer. The Fabry-Perot interferometer is used as a spectrometer by 
varying the spacing l1 so as to scan the light intensity at different wavelengths. 
 
The coupling of two Fabry-Perot interferometers in series can increase the free 
spectral range (FSR) at a fixed resolution. The most useful arrangement is a vernier 
system in which the spacing of the second interferometer l2 is close to l1 with l2 
satisfying the condition 





                                                    λ22 2
1 ml = ,                           (3.2) 




l  ≈ 0.95, the FSR of the tandem system will increase by a 
considerable factor of about 20 over that of the single interferometer, while keeping the 
resolution (δl) similar. Thus the tandem interferometer can solve the problem of spectra-
overlapping. To use this system as a spectrometer, it is necessary to scan the two 
interferometers synchronously, by simultaneously changing the spacings l1 and l2. The 
changes in the resolutions of FP1 and FP2 has to satisfy the condition 










l =                                       (3.3) 
The principle of the tandem scan is shown in Fig. 3.2. The first interferometer FP1 is 
arranged in the direction of the translation stage movement. The second interferometer 
FP2 lies with its axis at an angle θ  to the scan direction. The relative spacing between 
the mirrors are set so that a movement of the translation stage to the left would bring 
both sets of mirrors into simultaneous contact. A movement of the translation stage to 
the right sets the spacings to l1 and l1 cos θ. A scan δl1 of the translation stage produces 
a change of spacing δl1 in FP1 and δl1 cos θ in FP2, satisfying the condition (3.3). This 
system ensures that the spacings of the two interferometers are never allowed to depart 
from their correct relative values by more than 20 Å and that the correct relative spacing 











Figure 3.2 A translation stage allowing automatic synchronization of the scans of the 
tandem interferometer. 
 
In this study, a (3+3)-pass tandem Fabry-Perot interferometer combined with its 
control units, both constructed by JRS Scientific Instruments [5] was used. The optical 
arrangement in the tandem mode is schematically shown in Fig. 3.3. The scattered light 
(red arrows) enters the system at the adjustable pinhole P1 and is refined by the 
aperture A1. Mirror M1 reflects the light towards the lens CL1 where it is collimated 
and directed via mirror M2 to FP1. It passes through an aperture of mask A2 and is 
directed via mirror M3 to FP2. After transmission through FP2 the light strikes the 90° 
prism PR1 where it is reflected (blue arrows) and returned parallel to itself towards FP2. 
It continues through another aperture of A2 to FP1. After transmission through FP1 it 
passes through lens CL1, and is focused onto mirror M4. This mirror returns the light 
(black arrows) through lens CL1 where it is again collimated and directed through FP1. 
After the final pass through the interferometers, through the third aperture of A2, the 
l2 = l1 cosθ
l1





light strikes the mirror M5 where it directed to the prism PR2. This prism, in 
combination with the lens CL2 and the output pinhole P3, forms a bandpass filter with a 
width determined by the size of the pinhole. The mirror M6 sends the light to the output 
pinhole.  
 
This high contrast triple-pass interferometer is specially designed using a 
minimum number of optical components to avoid excessive loss of signal output while 
giving optimal resolution and high-contrast output signal. Normally, its FSR can be 
varied from 10 GHz to more than 300 GHz (~ 10 cm-1). 
 
 










Since the Brillouin signal is generally weak, a highly sensitive single photon 
counting module (Fig. 3.4), Model SPCM-AQR-16 from EG&G, was employed in the 
experiments. This detector can detect photons of wavelength ranging from 400 to 1600 
nm, and its quantum efficiency (QE) is slightly over 60% at 500 nm. The high quantum 
efficiency means that weak signals can be measured far more quickly than with normal 
photomultiplier tubes (typical QE 10-15%). The SPCM- AQR-16 is a photon counting 
system producing TTL pulses. There is a dead time of about 50 ns between pulses. 
Interfaced with a thermoelectrically cooled and temperature controlled silicon avalanche 
photodiode, this detector ensures a stable performance. The detector is connected to the 
output of the interferometer whereby the photons pulses are collected and displayed as 




Figure 3.4 An EG&G SPCM-AQR-16 photon counting module. 
 
 





3.1.4 Optical microscope 
A micro-Brillouin system has been employed to record the Brillouin spectrum of 
single isolated spheres. A Leica (DM/LM) microscope (Figs. 3.5 and 3.6) has been 
modified to observe and locate nanospheres as small as 260 nm in diameter. The 
objective lens (100×) with a working distance of 4.7 mm was used as both the focusing 
and collection lens. A CCD camera was connected to the microscope to display the 
image of the nanospheres on a monitor. The scattered light collected by the microscope 
was then directed via a periscope onto a collection lens system which focused the 
scattered light into the entrance pinhole of the Fabry-Perot interferometer (see Figs. 3.7 
and 3.8). The incident laser light, shown in Fig. 3.8 by red lines is reflected onto the 
sample by a tiny square 2 mm × 3 mm mirror. In order to hold this tiny mirror, a 
housing is specially designed and incorporated into the microscope. This housing is 
mainly composed of a brass block and a tiny square mirror of 2 mm × 3 mm, which are 



























1. CCD Camera 
2. Eyepiece 
3. Turrets for rotating 4 and 5 
4. Mirror for reflecting the scattered light 
5. Brass housing & Tiny mirror (shown in Fig. 3.7) 
6. Objective lenses (Magnification: 10X, 20X, 50X and 100X) 
7. Sample holder 
8. Translation stage 
9. X-Y stage adjustment knob 
10. Base 
11. Fine focusing knob 
12. Coarse focusing knob 
13. Entrance for incident light 
14. Outlet for scattered light 
15. Lamp housing (halogen lamp) 






















Figure 3.6  Photo of the modified Leica microscope. 
 
 
Figure 3.7  Photo of the periscope and other optics. 








Figure 3.8 A schematic diagram showing the front view of apparatus. The incident laser 
light (red arrows) is reflected by a small square mirror and then focused onto the sample. 
The scattered light (blue arrows) is transmitted through the microscope to the periscope 
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3.2 Micro-Brillouin set-up 

















Figure 3.10 Schematic diagram of Micro-Brillouin light scattering set-up. 
 
Figure 3.10 shows the schematic instrumental arrangement for the 180°-
backscattering geometry used in this study. The main components of the experimental 
set-up for the micro-Brillouin scattering studies are a single-mode argon-ion laser, an 




























collecting light, a tandem Fabry-Perot interferometer with its control unit, an EG&G 
single photon counting module, an oscilloscope (used for checking alignment of the 
optics of the interferometer) and a computer equipped with a multichannel analysis 
software GHOST v. 2.0 for acquiring, saving and analyzing the accumulated light 
spectrum data. The entire system sits on top of a 13 mm thick T-shaped steel plate. The 
whole optical system and the interferometer are supported by the optical bench system 
which rests on the steel plate. Vibration isolators are used to protect the delicate high-
resolution interferometer against vibrations. 
 
A beam splitter (B) placed in front of the laser beam splits it into two 
perpendicular components (Fig. 3.10). One component is reflected into the input shutter 
and acts as a reference beam for aligning the interferometer. The undeflected 
component will be finally focused onto the sample. For 180°-backscattering, a small 
circular mirror (M) with a diameter of 6 mm is position at 45° to the incident beam 
coming from the stepped filter (F). The undeflected beam is reflected by this circular 
mirror, and then focused onto the sample through the microscope where its objective 
lens (OL) serves as both a converging and collection lens. Light scattered from the 
sample is collected by OL and then refocused into the pinhole (P) via a second 
converging lens (L). The interferometer disperse the scattered light and focuses it onto 
the photo detector. The oscilloscope is used for checking alignment of the optics located 









3.2.2 Experimental procedures 
One of the objectives of this PhD project is to investigate the acoustic vibrations 
of single isolated nanospheres (~ few hundred nm). The micro-Brillouin scattering 
system introduced in Section 3.2.1 was employed for this purpose. The Brillouin 
measurement was performed according to the steps described below with reference to 
Fig. 3.11. 
 
(A)  Optical alignment. The following optical alignment is carried out to ensure that 
the incident laser beam is correctly focused onto the target nanosphere. 
Note: Prior to the alignment of the microscope, it is assumed that (1) the laser beam 
passing right through the microscope is already pre-aligned (both horizontally and 
vertically), and (2) the microscope translation stage has been aligned for horizontality. 
 
 1. To align mirror N1: Adjust the horizontal position of mirror N1 (see also Fig. 
3.7) to reflect the central portion of the laser beam. The shadow cast by mirror N1 on the 
screen should be centered on the alignment point (this point was pre-drawn for the 
alignment of the laser beam passing horizontally through the microscope) on the screen.  
 2. Place a flat mirror on the microscope translation stage (see Fig.3.5) to reflect 
the incident laser beam.  
 3. By tilting the mirror N1, the laser beam can be made to be vertically incident 
on the flat mirror, by ensuring that it is reflected back to the laser via mirror N1, mirror 
M, the periscope, the step filter and the beam splitter. This completes the alignment of 
mirror N1. 
 













Figure 3.11 Incident light (blue arrows) enters the microscope via mirror N1 to reach the 
sample. The scattered light (red arrows) is collected by the objective lens and exits the 
microscope via mirror N2. When aligning the small circular mirror (M in Fig. 3.8), 
mirror N1 is rotated away so that the incident laser beam (green arrow) can pass right 
through the microscope and strike the screen. 
 
(B) Locating the single isolated nanosphere.  
1. Use the beam stop to block the laser beam from entering the microscope. 
2. The microscope lamp is first switched on to allow the viewing of the sample.  
3. When functioning as a normal microscope, mirror N1 and mirror N2 for 
reflecting the scattered light are rotated out of the way using their respective turrets. 
4. By turning the focusing knobs (shown in Fig. 3.5), the nanospheres can be 
clearly imaged by the CCD camera, and their image displayed on a monitor screen. 
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5. To select a suitable single isolated nanosphere, move the sample holder (using 
the microscope translation stage) until its image is centered on the circular ring marking 
on the monitor screen. This marking, shown in yellow in Fig. 3.10, is a pre-set one that 
ensures that the scattered light captured by the objective (collection) lens is maximal.  
6. After locating and positioning the single sphere, the microscope lamp is 
switched off. 
7. Mirrors N1 and N2 are now rotated back into place. Remove the beam stop so 
that laser light is now allowed to enter the microscope. 
 
(C) Precaution taken.  
During the scanning of the Brillouin spectrum of the single sphere, the laser light 
must be focused on the chosen sphere by ensuring that the image shown on the monitor 
is as illustrated in Fig. 3.12. However, external vibrations may cause nanospheres to 
move out of the central marked region or be defocused. Therefore, during a spectral 












Figure 3.12. Display on CCD camera monitor screen. The bright spot is seen to coincide 
with the circular ring marking on the screen and that spot is not diffused. When the 
streaks around the spot become wider and diffused, this is an indication that the 
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Chapter 4  Confined acoustic modes of silica and  
polystyrene nanospheres 
 
4.1  Introduction 
A study of the vibrational modes in nanoparticles that arise from quantization 
due to spatial confinement can provide much information on these particles. Such 
information includes their elastic properties as well as the interaction between 
contacting nanoparticles in an ensemble, which would be manifested as mode damping. 
Very often the nanoparticles studied are, for simplicity, assumed to be spherical and the 
measured data are analyzed within the theory formulated by Lamb [1] for a 
homogeneous elastic sphere with a free surface. Brillouin light scattering, an excellent 
nondestructive investigative tool for examining acoustic vibrations, has been employed 
in the studies of these vibrations in aggregates of loose silica nanospheres [2] and 
crystalline opals composed of ordered arrays of silica and polystyrene nanospheres [3]. 
The experimental results are interpreted on the basis of Lamb’s theory and the 
assumption of a free surface boundary condition. However this assumption is only 
approximate as the samples comprised ensembles of contacting particles. Moreover the 
spectral lineshapes are assumed to be Lorentzian which is valid only for a collection of 
purely monodisperse spheres. As a consequence, the frequencies of the acoustic modes 
may not be very accurately determined.  
 
 





For a single isolated sphere, the free-surface boundary condition, as stipulated in 
Lamb’s theory, is nearly realized experimentally as there is only one point of contact, 
viz. that between the sphere and the sample holder. Hence, in order to obtain higher 
accuracy, Brillouin light scattering from single isolated sphere was measured separately. 
Such single-sphere data also provide other information. Acoustic mode damping due to 
inter-particle coupling is expected for an ensemble of contacting nanospheres [4]. Thus 
an understanding of this interaction, which is gained from a comparison of spectral data 
of the ensemble and the corresponding single sphere, entails the acquisition of the 
single-sphere spectrum as an initial step. The Lamb theory for the resonant acoustic 
vibrations of a free-surface sphere is introduced in the following section. 
 
4.2   Lamb’s theory 
4.2.1    Derivation of eigenvibrations of a free surface sphere 









ρ ∂ ∂=∂ ∂ . By inspection of elastic constants matrix in Eq. (1.6), for a 
cubic crystal, this can be expressed as  
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By adding and subtracting the proper terms, the first of these equations can be rewritten 
as, 
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For isotropic materials, it can be shown that 11 12 442C C C= +  from Eq. (1.16). 
Then, the first term on right-hand side in Eq. (4.2) drops out and the whole sum for the 
three components in Cartesian coordinates can be written as 
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Using the vector identity, 
                                                  2 - ,∇ = ∇∇⋅ ∇×∇×u u u                                            (4.4) 
the equation of motion for an isotropic incompressible solid becomes: 
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It can be also expressed as  
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based on Eqs. (1.17), (1.18) and (1.19) for isotropic materials, where LV  and tV  are the 
respective longitudinal and the transverse sound velocities of the medium. 
 
Next, the eigenvibrations of a free-standing isotropic sphere, with radius R, are 
derived by solving Eq. (4.6) under free-surface boundary conditions [4]. This is 
achieved by writing the displacement field u(r,t) in terms of its longitudinal ul(r,t) and 
transverse ut(r,t) components, namely: 
                                                               ,= +l tu u u                                                   (4.7) 
where 
                                                               0∇× =lu                                                     (4.8) 
and 
                                                                0.∇⋅ =tu                                                     (4.9) 
Assuming a harmonic time dependence for the displacement fields, the equation of 
motion, Eq. (4.6) can be written as: 
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Using Eqs. (4.8) and (4.9), Eq. (4.10) then separates into two vector Helmholtz 
equations for the longitudinal and transverse parts, viz. 
                                                   2 2( ) 0, / Lp p Vω∇ + = =lu                                      (4.11) 
and 
                                                   2 2( ) 0, / .tq q Vω∇ + = =tu                                      (4.12) 
The longitudinal Helmholtz equation, Eq. (4.11), can be solved by introducing a scalar 
potential 
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where 1Φ  is a solution of the scalar Helmholtz equation 2 2 1( ) 0p∇ + Φ = . The 
transverse Helmholtz equation, Eq. (4.12) has two linearly independent solutions, M 
and N, where  
                                                              2= ∇Φ ×M r                                               (4.14) 
and 
                                                              1 .
q
= ∇×N M                                              (4.15) 
Here 2Φ  is a solution of 2 2 2( ) 0q∇ + Φ = . As is well known, the scalar Helmholtz 
equations are separable in spherical coordinates and the solutions can be written as  
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is a spherical Bessel function of the first kind and  
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and ( )lP x are Legendre polynomials. Now lmφ  is used to construct three linearly 
independent solutions of Eq. (4.6), 
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φ= ∇L                                           (4.20) 
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and                                                   1 .lm lmq
= ∇×N M                                              (4.22) 
The general solution is a linear combination of lmL , lmM , and lmN , as  
                                              [ ]( ) = .lm lm lm lm lm lm
lm
a b c+ +∑u r L M N                           (4.23) 
The vector fields lmL , lmM , and lmN  can also be rewritten in terms of orthogonal vector 
spherical harmonics lmP , lmB , and lmC  which are defined as 
                                             ( ) ( ) ,lm lm rY eΩ = Ω rP                        





l l θ θ ϕθ
Ω⎛ ⎞Ω = ∂ Ω +⎜ ⎟+ ⎝ ⎠
r rB           (4.24) 




imY e Y e
l l θ θ ϕθ
Ω⎛ ⎞Ω = −∂ Ω⎜ ⎟+ ⎝ ⎠
r rC  
Then lmL , lmM , and lmN  are given by 
                                             
( 1)
' ( ) ( ) ( ) ( ),lm l lm l lm
l l
j pr j pr
pr
+= Ω + ΩL P B             (4.25) 
                                                   ( 1) ( ) ( ),lm l lml l j pr= + ΩM C                                 (4.26) 
and 
                    [ ]( 1)( 1) ( ) ( ) ( ) ' ( ) ( ),lm l lm l l lml ll l j qr j qr qrj qrqr qr
++= Ω + ⋅ + ΩN P B      (4.27)  
where the prime denotes differentiation with respect to the argument. 
 
Since a free-surface sphere is considered here, at sphere surface r R= , the stress 
ij jnσ  is set to zero. Here n is an outward pointing normal vector and ijσ is the strain 
tensor. In an isotropic elastic medium,  
 





                                                     ( ) 2 ,ij ij ijuσ λ δ μ= ∇⋅ +u                                       (4.28) 
where λ  and μ  are Lamè’s constants, and ijδ is the Kronecker delta. To satisfy the free 
boundary conditions, it is required that, in spherical coordinates, 
                                                       0.rr r rθ ϕσ σ σ= = =                                            (4.29) 
From Eq. (4.29), it can be seen that 
                                                      ( ) 2 0,rruλ μ∇⋅ + =u                                            (4.30) 
                                                                  0,ruθ =                                                    (4.31) 
and                                                             0,ruϕ =                                                    (4.32) 
where                                                       ,rr ru ur
∂= ∂                                                (4.33) 
                                         1 1 1 ,
2r r
u u u u
r r rθ θ θ θ
∂ ∂⎛ ⎞= − +⎜ ⎟∂ ∂⎝ ⎠                                      (4.34) 
                                         1 1 1 .
2 sinr r
u u u u
r r rϕ ϕ ϕθ ϕ
⎛ ⎞∂ ∂= + −⎜ ⎟∂ ∂⎝ ⎠                             (4.35) 
From Eqs. (4.30) – (4.32),  
                        [ ]( ) 2 '' ( ) 2 ( 1) 0,lm l lm l lm lm lma pj pR Y pj pR Y c l l EYλ μ μ− + + + =            (4.36) 
                                       2 csc 0,lm lm lm lm lm lma G Y b imEY c F Yθ θθ∂ + + ∂ =                    (4.37) 
                         2 csc csc 0,lm lm lm lm lm lma imGY b E Y c imFYθθ θ+ ∂ + =                         (4.38) 
where                  
                                            2
' ( ) ( ) ,l lj pR j pRG
R pR
= −                         
 





                                            2
' ( ) ( ) ,l lj qR j qRE
R qR
= −                                                   (4.39)        
and                                   2 2
2 ( )( 1)'' ( ) ( ) .ll l
j qRl lF qj qR j qR
qR qR
+= + −  
Finally, Eqs. (4.36) - (4.38) are rewritten in matrix form as 
   
( ) 2 '' ( ) 0 2 ( 1)
2 csc 0.
2 csc csc
l lm l lm lm lm
lm lm lm lm
lm lm lm lm
pj pR Y pj pR Y l l EY a
G Y imEY F Y b






− + +⎛ ⎞⎛ ⎞⎜ ⎟⎜ ⎟∂ ∂ =⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟∂⎝ ⎠⎝ ⎠
        (4.40) 
For nontrivial solutions of Eqs. (4.36) - (4.38), the determinant of the above matrix must 
vanish. Taking the determinant and after some simplification,  
                               [ ] 2( ) 2 '' ( ) 4 ( 1) 0.l lpj pR pj pR EF l l E Gλ μ μ− + − + =                 (4.41) 
This implies that either  
                                                    2
' ( ) ( ) 0l lj qR j qRE
R qR
= − =                                    (4.42) 
or 
                               [ ]( ) 2 '' ( ) 4 ( 1) 0.l lpj pR pj pR F l l EGλ μ μ− + − + =                   (4.43) 
The eigenmodes frequencies can be obtained by solving these two equations Eqs. (4.42) 
and (4.43), which are also called characteristic equations. If condition Eq. (4.42) is met, 
then this imposes certain constraints on lma , lmb , and lmc , which require that 
0lm lma b= = . This is easily understood, when 0E =  in Eq. (4.40). If Eq. (4.43) is met, 
lmb  has to be zero. Thus, there are two branches of vibrational modes. The branch, in 
which Eq. (4.42) is satisfied: 
                                                         ( ) = ( ),lmn lmnbu r M r                                           (4.44) 
 





is referred to as the torsional branch, where n specifies the radial quantum number or the 
nth solution of Eq. (4.42). The other branch, called the spheroidal branch, is found when 
Eq. (4.43) is satisfied: 
                                                ( ) = ( ) ( ).lmn lmn lmn lmna c+u r L r N r                                (4.45) 
The torsional modes have no radial component (see the expressions in Eq. (4.24) 
and Eq. (4.26)). In other words, they do not change the volume of the sphere; therefore, 
they are also called equivoluminal vibrations. In contrast, the spheroidal modes contain 
both tangential and radial components.  
 
Fig 4.1. illustrates the respective schematics of the (n = 1, l = 0) spheroidal and 









                                (a)                                                                          (b)                         
 
Figure 4.1. Schematics of (a) the (n = 1, l = 0) spheroidal mode and (b) the (n = 1, l = 2) 
torsional mode of a sphere. 
 
 





Eq. (4.42) for torsional branch, can be rewritten as  
                                                ( )' ( ) 0ll
jj ηη η− = ,                   for l ≥ 1.                   (4.46) 
And Eq. (4.43) for spheroidal branch, can be rewritten as  
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+− + − + + − − + =      for l > 0.          (4.48)  
The eigenvalues of Eqs. (4.46) - (4.48) can be expressed as:   








Dvπη =                                 (4.49) 
where vnl is the mode frequency and D the sphere diameter. It is noted that in the 
torsional branch, Eq. (4.46), the l = 0 mode vibration is not included because of its null 
displacement. Eq. (4.49) implies that, for a eigenmode of a sphere, its frequencies vnl are 
inversely proportional to D. This relation, known as the Lamb theory, was formulated 
by Horace Lamb in 1882 [1]. 
 
4.2.2   Methods of computation 
The eigenfrequencies of torsional and spheroidal modes can be obtained from 
characteristic equations, i.e. Eqs. (4.46), (4.47) and (4.48), when the sound velocities VL 
and Vt are known. However, these equations can not be analytically solved, and 
numerical methods are needed. Many numerical methods could be employed to obtain 
 





roots of the characteristic equations, such as Newton-Raphson method, Brent’s method, 
and Muller's method [5]. In this study, a program written in Mathematica was used to 
obtain the numerical solutions, where the Brent’s method was implemented. The values 
of VL and Vt were input as parameters into Eqs. (4.46), (4.47) and (4.48). Thus, the 
product of nlv and D becomes the only variable in these equations. When the 
solutions, nlv D , were known, the eigenmodes frequencies nlv  could be easily calculated 
for a sphere of given size. Taking silica as an example, its sound velocities are VL = 5.97 
km/s and Vt = 3.76 km/s, respectively. The two values were input into Eqs. (4.46) – 
(4.48). To solve Eq. (4.48) for spheroidal modes of l = 2, it is convenient to define the 
left side of Eq. (4.48) as ( )nlf v D  for numerical calculation. Then ( )nlf v D was plotted 
with nlv D  as the variable. As shown in Fig. 4.2, the intersections of the resulting curve 
with the horizontal axis yielded the roots of Eq. (4.48) from which eigenfrequencies can 
be determined. For example, in Fig. 4.2, the roots are 3.148 and 5.543. For a sphere with 
diameter of 100 nm, the predicted frequencies are 3.148/0.1μm = 31.48 GHz, and 
5.543/0.1μm = 55.43 GHz, respectively. They were labeled as (n = 1, l = 2) and (n = 2, l 
= 2) spheroidal modes, where n was the sequence number of these roots. The 





















Figure 4.2. ( )nlf v D is plotted against nlv D  as the variable. The intersections are roots of 
Eq. (4.48). 
 
4.3 Micro-Brillouin measurement of silica and polystyrene 
nanospheres 
As discussed in Section 4.1, there is a need to record single-sphere Brillouin 
spectra to acquire more accurate eigenvibrational frequencies. For a single isolated 
sphere, the free-surface boundary condition as stipulated in Lamb’s theory can be nearly 
realized experimentally as there is only one point of contact between the sphere and the 
sample holder. Besides the single isolated sphere, the crystalline opals composed of 
ordered arrays of nanospheres and aggregates of loose nanospheres are also studied by 
Brillouin light scattering. By a comparison of spectral data of the ensemble and the 
corresponding single sphere, the information on the possible mode damping in an 
ensemble of contacting nanospheres can be extracted.  
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4.3.1    Description of samples 
The samples studied in this project are white-colored silica and polystyrene (PS) 
spheres in the form of opals and loose nanospheres, whose diameters range from 260 to 
600 nm and 20 to 1500 nm respectively. Most of them were bought from Duke 
Scientific Inc., Polysciences Inc. and JSC Opalon, while the rest were synthesized and 
provided by Professor Geoffrey Ozin from the University of Toronto [6,7].  
 
The silica and polystyrene opals are ordered arrays of nanospheres deposited on 
a glass substrate. The nanospheres are neatly arranged in a face-centered cubic lattice on 
these substrates. Each opal sample comprises approximately 5 to 15 layers of 
nanospheres. A typical SEM image of a 515 nm silica opal is shown in Fig. 4.3. 
 
 
Figure 4.3. A typical SEM image of 515 nm silica nanospheres, which shows the arrayed 
spheres are monodisperse and uniform. 
 
 





To prepare isolated single nanospheres for Brillouin measurements, dilute solutions 
of silica and PS nanospheres were spread onto a silicon wafer. After letting them dry, 
the silica and PS nanospheres become uniformly dispersed. A single nanosphere could 
be located with the aid of the Leica microscope. Fig. 4.4. and Fig. 4.5 are two typical 
SEM images of an aggregate of loose 430 nm diameter PS nanospheres and a 470 nm 




Figure 4.4. A typical SEM image of an aggregate of 430 nm polystyrene nanospheres, 














Figure 4.6.  An image of polystyrene nanospheres (1μm in diameter) using video 
microscopy. 
 
An image of polystyrene nanospheres on the monitor, which is captured by the 
CCD camera mounted on the microscope, can be seen as white circular spots as shown 
in Fig. 4.6. This white spot is due to the diffraction of the light from the microscope’s 
internal lamp. However, the spot seen does not reflect the exact dimensions of the 
nanosphere; instead it shows a larger diameter.  
 
 





4.3.2    Brillouin measurements  
All Brillouin measurements were performed at room temperature in the 180°-
backscattering geometry using the micro-Brillouin system comprising a (3+3)-pass 
tandem Fabry-Perot interferometer, which was optically interfaced to the Leica 
microscope as mentioned in Chapter 3, and equipped with a silicon avalanche 
photodiode detector. The green 514.5 nm radiation of the argon-ion laser (Spectra-
Physics BeamLok 2060-6RS) was used to excite the spectra, with the laser power 
incident on the sample being typically about several milliwatts. A microscope 100X 
objective lens served as both the focusing and collection lens. A CCD camera, attached 
to the microscope, allowed viewing of the samples under study including single spheres 
as small as 260 nm in diameter. The scanning duration was approximately 1 hour for 
opals or aggregates of nanosphere, and approximately 2 hours for single nanospheres. 
The single nanosphere required a longer scanning duration due to its minuteness and 
weak inelastic light scattering signal. As the nanospheres have spherical symmetry, the 
measured frequency shifts are not sensitive to the angle of incidence of the laser beam. 
Here, the angle of incidence is defined as the angle between the incident laser beam and 
the line normal to the surfaces of opals or backings supporting the nanospheres. To be 
consistent, the angle of incidence chosen is 50° for all the samples. The 50° incident 
angle is chosen so as to reduce the intensity of the elastic Rayleigh scattering. As the 
intensity of the Brillouin peaks is much less than that of the Rayleigh peak, it is 
necessary to attenuate the elastic peak so that the inelastic Brillouin peaks can be 
manifested. By adjusting the angle of incidence, a large portion of the elastically 
scattered light could then be avoided by the collection lens.  
 
 





Recording of the single-sphere spectra proved to be rather challenging because 
of the minuteness of the samples and the weak inelastic light scattering. As mentioned 
in Section 4.3.1, the single silica and polystyrene nanospheres were dispersed atop the 
polished surface of a silicon wafer and the CCD camera is utilized to locate a suitable 
nanosphere for micro-Brillouin spectroscopy. To ensure that scattering from only one 
sphere is recorded, the selected sphere should be separated from its nearest neighbor 
spheres by at least several microns. In aligning the optical set-up for studying single 
nanospheres, utmost care has to be taken to ensure that the laser beam is centered 
exactly on a single nanosphere which has been stated in Section 3.2.2. Having set up the 
apparatus and taking into consideration of all precautions, measurement could then 
commence. During the scanning of the Brillouin spectrum of the single sphere, the laser 
light must be focused on the single sphere by ensuring that the image shown on the 
monitor is as illustrated in Fig. 3.9. It is worth noting that misalignment may occur due 
to the existence of external vibrations. Therefore, during a spectral scan, touching of all 
parts of apparatus must be avoided so as to reduce any external vibrations. 
 
4.4   Experimental results and theoretical analysis 
4.4.1    Single nanospheres 
The polystyrene nanospheres studied have respective mean diameters of 343, 
400, 445, 494 and 597 nm. Four different sizes of silica nanospheres with respective 
mean diameters of 260, 320, 364 and 515 nm are use in this study. The polystyrene 
nanospheres and silica nanospheres with mean diameter of D = 320 nm were bought 
commercially, and the others are provided by Professor Geoffrey Ozin from the 
University of Toronto. 
 





Fig. 4.7 (a) and (b) show two representative Brillouin spectra of single polystyrene 
nanospheres with diameters of 400 and 494 nm respectively, which contains peaks 
arising from acoustic modes confined in the nanospheres. The representative Brillouin 
spectra of a single 320nm-diameter and a single 364nm-diameter silica sphere are 
shown in Fig. 4.8 (a) and (b), respectively. The Brillouin peaks in polystyrene single-
sphere spectra are not as well-resolved as those of silica single spheres. Each Brillouin 
spectrum is fitted with Lorentzian functions (dotted curve) and a baseline (dashed 
curve), yielding the peak frequencies and the corresponding peak linewidths. The 
resultant fitted spectrum is shown as a solid line. It is noteworthy that the peaks have 
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Figure 4.7. Micro-Brillouin anti-Stokes spectra of (a) an isolated single 400nm-
diameter PS sphere and (b) an isolated single 494nm-diameter PS sphere. Experimental 
data are denoted by dots. The spectrum is fitted with Lorentzian functions (dotted curve) 
and a baseline (dashed curve), while the resultant fitted spectrum is shown as a solid 
curve. Confined acoustic modes of the nanosphere are labeled by (n, l). 
 
 











































Frequency (GHz)  
Figure 4.8. Micro-Brillouin anti-Stokes spectra of (a) an isolated single 320nm-diameter 
silica sphere and (b) an isolated single 364nm-diameter silica sphere. Experimental data 
are denoted by dots. Each spectrum is fitted with Lorentzian functions (dotted curve) 
and a baseline (dashed curve), while the resultant fitted spectrum is shown as a solid 
curve. Confined acoustic modes of the nanospheres are labeled by (n, l). 
 





As discussed in Section 4.2.1, the Lamb theory [1] is used to evaluate the 
frequencies νnl of the vibrational modes of a sphere. The following fitting procedure [3] 
is to obtain the VL and Vt of these nanospheres and to evaluate their mechanical 
properties. From Eq. (4.49), it is noted that the eigenvalues of each l depend on two 
independent parameters, VL and Vt, which are found by fitting the calculated frequencies 
obtained from Eqs. (4.47) and (4.48). Their best fit values (VL, Vt) can be obtained 
efficiently using the Levenberg-Marquardt algorithm, which is generally used to 
provide a numerical solution to the problem of minimizing a function, generally 
nonlinear, over a space of parameters of the function.  
 
However, in this thesis, a simple method was used to obtain the VL and Vt 
because there were only two parameters in the fitting procedure and this method was 
easy to implement. Consider the two parameters forming a 2-dimensional rectangular 
mesh as shown below (Fig. 4.9). In the illustration, a step interval of 1 m/s is used. Each 
point in the mesh corresponds to a pair of possible VL and Vt, which gives rise to a set of 
theoretical eigenfrequencies when they are substituted into Eqs. (4.47) and (4.48). These 
theoretical values, theonlν , were then compared with the measured ones, exp tnlν . The best 







nl νν ). 
The summation involved only the two lowest frequency spheroidal modes: (1,2) and 
(1,0). These modes were chosen as they appeared as sharper Brillouin peaks and hence 
their frequencies were measured with a higher precision. It is to be noted that only 
spheroidal modes of even l are Brillouin-active, and torsional modes are not observable 
in Brillouin scattering. Such rules will be derived by group theory in Chapter 5.  
 














Figure 4.9. The possible values of VL and Vt form a 2-dimensional rectangular mesh. 
The cell interval is 1 m/s. Each intersection point corresponds to a pair of VL and Vt. 
 
Following the above fitting procedures, the respective fitted transverse and 
longitudinal sound velocities were found to be 1203 and 1903 m/s for polystyrene 
nanospheres, and 2529 and 4026 m/s for silica nanospheres. The calculated frequencies 
were then plotted against the respective sphere sizes using these fitted sound velocities. 
Fig. 4.10 and Fig. 4.11 show the calculated and measured data of the lowest-energy 
acoustic modes (n,l) = (1,2), (1,0), (1,4) and (2,2) for polystyrene nanospheres as well as 
(n,l) = (1,2), (1,0), (2,2), (1,4) and (1,6) for silica nanospheres respectively. The close 
agreement between theory and experiment confirms the validity of the Lamb theory. In 
addition, Fig. 4.11 reveals that there is generally a mismatch between the data from the 
commercial opal sphere (320 nm) and the theoretical data derived from the spheres 
provided by Professor Geoffrey Ozin. This is not surprising because of the difference in 
their elastic properties which can be determined from the νnl vs D-1 gradient.  
VL  (m/s)















































Figure 4.10. Dependence of frequency of confined acoustic modes in polystyrene 
single spheres on inverse sphere diameter. Experimental data are denoted by symbols. 
The measurement errors are the size of the symbols displayed. The solid lines represent 








































Figure 4.11. Dependence of frequency of confined acoustic modes in silica single 
spheres on inverse sphere diameter. Experimental data are denoted by full symbols for 
D = 262, 364 and 515 nm and by open symbols for D = 320 nm. The measurement 
errors are the size of the symbols displayed. The solid lines represent the theoretical 













Based on a mass density of 1.05 × 103 kg/m3 for polystyrene, the Young’s 
modulus and the Poisson ratio of the nanospheres were estimated to be (3.6 ± 0.3) GPa 
and 0.17 ± 0.03, respectively, for single polystyrene nanospheres. However, the 
corresponding elastic parameters for bulk polystyrene are (3.4 ± 0.2) GPa and 0.35 ± 
0.01 [8]. The reason for the discrepancy in Poisson ratio between the polystyrene 
nanospheres and its bulk is unclear. In the case of silica nanospheres, based on a mass 
density of 2.2 × 103 kg/m3, the Young’s modulus and the Poisson ratio for the single 
silica nanospheres were estimated to be (33 ± 2) GPa and 0.18 ± 0.01, respectively. A 
comparison with the corresponding elastic parameters for the bulk material of 73 GPa 
and 0.17 respectively [9] shows that the Young’s modulus of silica in the form of 
nanospheres is smaller. Interestingly, Lim et al.[2] reported a similar relative depression 
of the modulus in their study of aggregates of loose silica nanospheres. The explanation 
of the depression, forwarded by them, was based on the model of Krstic and Erickson 
[10] who discovered that the existence of pores and microcracks in a structure can 
significantly reduce its Young’s modulus. Hence the decrease in the Young’s modulus 
of the single silica spheres, relative to that of bulk silica, observed in the present study 
could also arise from the presence of pores and cracks in the samples [11].  
 
4.4.2    Silica and polystyrene opals 
As discussed in Section 4.1, to determine any mode damping due to interparticle 
coupling for an ensemble of contacting nanospheres, a comparison of spectral data of 






























































































































Figure 4.12. Micro-Brillouin spectra of the silica opal comprising spheres (bottom) and 
of a component single sphere (top); (a), (b), (c) and (d) correspond to sphere diameters 










Figure 4.12 reveals the differences between the spectral features of the silica 
opals and those of their corresponding single spheres. It is apparent that the Brillouin 
peaks of opals have correspondingly larger linewidths. Generally, a larger linewidth 
means shorter phonon lifetime. The interactions between a nanosphere and its sample 
holder (backing) may cause the acoustic vibrational energy of a sphere to leak into the 
backing [4,12]. Consequently, the phonon lifetime of the vibrational modes of the 
supported sphere would be shorter than that of a free standing sphere. Clearly, from 
SEM images Fig. 4.3 and Fig. 4.5, spheres in the opal form have more contact points 
compared to a single sphere on a smooth surface. Therefore, it is possible that the 
spheres in the opals have shorter phonon lifetime because of the interactions between 
contacting spheres. In the case of single isolated nanosphere on a smooth surface, 
theoretical studies of Pattern et. al. [4,12] have also shown that the interactions between 
them depend on the material of the backing supporting the nanosphere. Thus, the 
phonon lifetime of nanosphere is expected to be different if the materials of backings 
are different. 
 
Figure 4.13 shows the Brillouin spectra of a single silica nanosphere (D = 320 
nm) on respective aluminum and silicon wafers. However, in Fig. 4.13, it was found 
that the half-width at half maximum (HWHM) (≈ 0.5 GHz) of the lowest-frequency 
peak was independent of the sample holders. Therefore, it was concluded that either the 
interaction between a nanosphere and its backing is negligible, or the differences in 
phonon lifetimes due to different backings cannot be distinguished experimentally.  
 







Figure 4.13. The Brillouin spectra of single silica D = 320 nm sphere on aluminum 
(top) and silicon (bottom) backings. The HWHM of the lowest-frequency peaks are 
shown in figure. 
 
From Fig. 4.12 it can be seen that the Brillouin peaks of the opals besides being 
noticeably broader, have an asymmetric lineshape on the high-energy side. It shall be 
shown that this asymmetric broadening of the opal spectrum can be sufficiently 
accounted for by size polydispersity of the opals. Assuming a Gaussian particle size 
distribution, the Brillouin intensity profile of the (n,l) acoustic mode for an ensemble of 
particles can be expressed as 
                                        2 2
0
( ) exp[ ( ) / 2 ] ( , ) ,I x D C x dxν σ ν
∞
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where σ is the standard deviation of the size distribution and 
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is the convolution of a natural line profile of a singe sphere with the instrumental 
resolution function ( ).R ν  ( ),nl xν  given by Lamb’s theory, are the mode frequencies as 
a function of particle size. For simplicity, we shall assume that all the Lorentzians 
(Brillouin peaks of the same mode but different sizes) have the same HWHM LΓ  and 
that ( )R ν  has a Gaussian profile with linewidth GΓ . LΓ , the natural HWHM for a given 
single nanosphere, can be obtained from the following equation [13]:                    
                         
2 2
1 0.114 1 ,G G GL
V V V V
⎛ ⎞ ⎛ ⎞⎛ ⎞Γ Γ ΓΓ = − − −⎜ ⎟ ⎜ ⎟⎜ ⎟Γ Γ Γ Γ⎝ ⎠ ⎝ ⎠⎝ ⎠
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Figure 4.14. Measured and fitted Brillouin intensity profiles of the (1, 2) acoustic mode 
of (a) the D = 320 nm opal, and (b) the D = 262 nm opal. The insets show the spectral 
profiles, for corresponding single silica spheres, fitted with a Lorentzian function. 
 





Experimental data are denoted by dots. The solid lines represent the best fit of 
experimental data with Eq. (4.50). 
 









Mean diameter = 261.55nm








Figure 4.15. The standard deviation of the size distribution of D = 262 nm sample is 
about 7 nm. The number of sphere with same diameters is plotted vs. sphere diameters. 
Then the Gaussian function fitting generate the peak linewidth and standard deviation 
σ. 
 
Figure 4.14 displays the measured and fitted Brillouin intensity profiles of the 
intense lowest-frequency (1,2) acoustic mode for the D = 320 and 262 nm opals and 
their corresponding component single spheres. As the insets show, for the single 
spheres, a good fit to the narrow and symmetric spectral intensity profile can be 
obtained with just a Lorentzian lineshape. The measured intensity profiles for the opal 
samples were fitted with Eq. (4.50) from which σ, of a given opal, can be obtained. As 
shown in Fig. 4.14, there is good agreement between experiment and theory. Fitting 
 





yielded σ = 23 and 9 nm which are consistent with the values of σ = 20 and 7 nm 
determined by scanning electron microscopy for D = 320 and 262 nm respectively. The 
determination of standard deviation of the size distribution of D = 262 nm sample is 
shown in Fig. 4.15. The asymmetric broadening is more pronounced for the opal sample 
with the larger particle size distribution (see Fig. 4.14). The observed asymmetric 
broadening can be well accounted for by particle size distribution, suggesting that the 
damping arising from the coupling between adjacent nanospheres in the opals is a 
relatively insignificant contributing factor to the linewidth broadening.  
 
The Brillouin light scattering from PS opals with mean diameters ranging from 
245 to 910 nm were also measured. The representative Brillouin spectra of 245, 380, 
430, 600 and 910 nm opals are presented in Fig. 4.16. Interestingly, it was found that 
more confined acoustic modes are observed in relatively big spheres. The measured 
spectra of these PS opals were fitted with Lorentzian functions and the resulting 
Brillouin frequencies νnl were plotted as a function of inverse sphere diameter D in Fig. 
4.17. The figure clearly reveals the νnl ∝ D-1 linear relationship. Lamb’s theory was next 
used to evaluate the frequencies νnl of the vibrational modes in a sphere. Following the 
same fitting procedures as above, the fitted transverse and longitudinal sound velocities 
are 1226 and 1949 m/s respectively. The calculated modes frequencies based on the 
fitted sound velocities are then plotted against the respective sphere sizes. Based on a 
density 1.05 × 103 kg/m3 for polystyrene nanospheres, their Young’s modulus and the 
Poisson ratio are estimated to be (3.7 ± 0.2) GPa and 0.17 ± 0.01 respectively. These 
values are very close to those of single polystyrene nanosphere for they could be 
fabricated in the similar way. 
 































Figure 4.16. Representative Brillouin spectra of polystyrene opals with mean diameters 























































Inverse Diameter (106 m-1)  
Figure. 4.17. Dependence of frequency of confined acoustic modes in polystyrene opals 
on inverse sphere diameter. Experimental data are denoted by symbols. The 
measurement errors are the size of the symbols displayed. The solid lines represent the 











4.4.3    Aggregates of loose polystyrene microspheres and nanospheres  
In this section, the polystyrene (PS) spheres studied have a large size range viz. 
from 20 nm to about 1 micron. This large size range provides the possibility of 
observing other kinds of acoustic vibrations besides the confined acoustic eigenmodes 
described earlier.  
 
Twelve aggregates of loose monodisperse PS spheres with respective diameters 
D = 20, 30, 40, 50, 68, 80, 120, 197, 344, 530, 701, and 993 nm were investigated by 
Brillouin light scattering. Representative Brillouin spectra of several aggregates of 
polystyrene spheres (993 nm ≥ D ≥ 20 nm) are displayed in Fig. 4.18. The spectral 
peaks observed are due to confined acoustic modes in the spheres, bulk longitudinal 
acoustic (LA) modes in the spheres (D ≥ 701 nm) as well as bulk LA modes in the 
polystyrene-air composites i.e. aggregates of spheres with 80 nm ≥ D ≥ 20 nm (see 
discussion below on mode assignment).  
 






















Figure 4.18. Brillouin spectra of several aggregates of monodisperse polystyrene spheres 
showing peaks due to confined acoustic modes and bulk longitudinal acoustic modes. 
 
Figure 4.19 shows a typical spectrum of the acoustic modes confined in 197 nm-
diameter spheres. In general the number of confined modes observed increases with 
increasing sphere size. All spectra recorded were fitted with Lorentzian functions. The 
fitted peak frequencies of confined acoustic modes were plotted as a function of inverse 
sphere diameter in Fig. 4.20. The figure clearly illustrates the 1/D dependence of the 























Frequency (GHz)  
Figure 4.19. Brillouin spectrum of an aggregate of 197nm-diameter spheres. 
Experimental data are denoted by dots. The spectrum is fitted with Lorentzian functions 




















































Inverse Diameter (106 m-1)  
Figure 4.20. Dependence of Brillouin peak frequencies on inverse nanosphere 
diameters. Experimental data are denoted by dots. The lines represent the theoretical 





























Figure 4.21. Brillouin spectra of the bulk longitudinal acoustic mode in aggregates 
(polystyrene-air composites) of monodisperse spheres with respective diameters ≤ 80 
nm. 
 
Data analysis was carried out following the procedure outlined in Section 4.4.1. 
The respective longitudinal and transverse sound velocities, VL and Vt, were evaluated 
by fitting the calculated frequencies to the measured ones. The fitting yielded transverse 
and longitudinal acoustic mode velocities of Vt = 1261 m/s and VL = 1970 m/s 
respectively. Based on these fitted velocities, the theoretical mode frequencies nlν , in 
 





GHz, are given by ν12 = 1.054/D, ν10 = 1.484/D, ν22 = 1.836/D, ν14 = 1.980/D, ν16 = 
2.763/D, ν24 = 3.104/D, ν32 = 3.156/D, ν42 = 3.726/D, ν20 = 3.765/D, ν34 = 4.274/D, ν26 
= 4.360/D, ν52 = 4.846/D, and ν44 = 5.114/D, where D is the diameter, in 10-6 m, of the 
sphere.  
 
The theoretical mode frequencies for various sphere sizes are also presented in 
Fig.4.20 which reveals the good agreement between theory and experiment. Based on a 
density 1.05 × 103 kg/m3 for the polystyrene nanospheres, their Young’s modulus and 
the Poisson ratio were estimated to be (3.6 ± 0.2) GPa and 0.17 ± 0.01 respectively. 
Corresponding values for bulk polystyrene are (3.4 ± 0.2) GPa and 0.35 ± 0.01 [8].  
 
An intense broad peak, centered at about 13.5 GHz, also appears in the spectra 
of aggregates comprising spheres with diameters larger than 701 nm (see Fig. 4.18). 
This peak is assigned to the bulk LA mode in these individual spheres as it appears in 
scattering from only larger spheres and its intensity increases with growing sphere size. 
Moreover, its frequency is insensitive to the sphere size (for D ≥ 701 nm). The bulk 
mode wavelength (= λ/2np, where the incident radiation wavelength λ = 514.5 nm and 
refractive index of polystyrene np = 1.59 [14]) is found to be 160 nm. Interestingly, this 
implies that bulk modes are observable in particles of dimensions about four times 
larger than their bulk mode wavelength. This finding is consistent with the observation 
by Lim et al. [2] that bulk phonons are detectable for silica particles larger than some 
three times their phonon wavelength. Based on the measured bulk LA mode frequency, 
 





the elastic constant C11 of polystyrene spheres was calculated to be 4.9 GPa, which is 















Figure 4.22. Variation of frequency of the bulk longitudinal acoustic mode in 
aggregates (polystyrene-air composites) with sphere diameter. 
 
Reference to Fig. 4.21 shows that for aggregates of spheres with D ≤ 80 nm, 
there exists a different type of bulk mode. Figure 4.22 reveals that its frequency, unlike 
that of the bulk mode propagating within a sphere, is dependent on the respective sphere 
size of the aggregates. Additionally as it appears in p-p polarization and not in p-s 
polarization, it is ascribed to the bulk LA mode propagating in these aggregates which 










4.5     Conclusions 
In summary, the new micro-Brillouin system has been demonstrated to be a 
powerful investigative tool for measuring the inelastic scattering from an isolated single 
particle, as small as 260 nm in diameter. Such measurements allow a rigorous 
verification of the theory formulated by Lamb for an isolated sphere as it represents a 
near realization of the ideal free-surface boundary condition specified in the theory. 
Also, the elastic properties of a single nanoparticle can be obtained by fitting the 
measured eigenvibrational mode frequencies, which established the achievability of 
using micro-Brillouin spectroscopy as a non-destructive and contactless technique to 
evaluate the elastic properties of a single nano-scale particle. The simulations show that 
the size polydispersity can sufficiently account for the asymmetric broadening of the 
silica opal spectra. Additionally, if an aggregate is monodisperse, it is in principle 
possible to investigate the coupling between contacting spheres from a spectroscopic 
comparison of the aggregate with its component single sphere. Besides the confined 
acoustic modes observed in silica and polystyrene nanospheres, bulk longitudinal 
acoustic (LA) modes in the spheres as well as bulk LA modes in the nanosphere-air 
composites were also observed in polystyrene microspheres (D ≥ 701 nm) and 














1. H. Lamb, Proc. London Math. Soc. 13, 189 (1882). 
2. H. S. Lim, M. H. Kuok, S. C. Ng, and Z. K. Wang, Appl. Phys. Lett. 84, 4182 (2004). 
3. M. H. Kuok, H. S. Lim, S. C. Ng, N. N. Liu, and Z. K. Wang, Phys. Rev. Lett. 90, 
255502 (2003); Phys. Rev. Lett. 91, 149901 (2003) 
4. K. R. Patton and M. R. Geller, Phys. Rev. B 67, 155418 (2003). 
5. J. J. Leader, Numerical Analysis and Scientific Computation, (Addison Wesley, 2004). 
6. V. Kitaev, and G. A. Ozin, Adv. Mater. 15, 75 (2003).  
7. E. Vekris, V. Kitaev, G. von Freymann, D. D. Perovic, J. S. Aitchison, and G. A. 
Ozin, Adv. Mater. 17, 1269 (2005). 
8. B. A. Auld, Acoustic fields and waves in solids, 2nd ed (R.E. Krieger, Florida, 1990). 
9. C. Comte and J. von Stebut, Surf. Coat. Technol. 154, 42 (2002). 
10. V. D. Krsic and W. H. Erickson, J. Mater. Sci. 22, 2881 (1987). 
11. F. Garcia-Santamaria, H. Miguez, M. Ibisate, F. Meseguer, and C. Lopez, Langmuir 
18, 1942 (2002). 
12. C. M. Chang and M. R. Geller, Phys. Rev. B 71, 125304 (2005). 
13. O. Keski-Rahkonen, and M. O. Krause, Phys. Rev. A 15, 959 (1977). 
14. X. Y. Ma, J. Q. Lu, R. S. Brock, K. M. Jacobs, P. Yang, and X. H. Hu, Phys. Med. 
Biol. 48 4165 (2003). 
 
 







Selection rules for Brillouin and Raman scattering from 
acoustic eigenvibrations of nanospheres 
 
 
5.1     Introduction 
In this chapter, the selection rules for inelastic light scattering (Brillouin and 
Raman) from acoustic eigenvibrations of nanospheres are discussed. From a physical 
point of view, selection rules are generally a set of restrictions governing the likelihood 
that a physical system will change from one state to another or will not be able to make 
such a change. According to the Lamb theory [1] on the eigenvibrations of a free-
surface sphere, they are classified into two types: spheroidal and torsional modes. 
However, not all these eigenmodes are observable by Brillouin or Raman spectroscopy 
[2-12]. Clearly, selection rules are needed to predict which eigenmodes are observable 
in inelastic light scattering. In this chapter, group theory is used to derive the selection 
rules for inelastic light scattering from the acoustic eigenvibrations of a nanosphere. The 











5.2    The full rotation group 
This section introduces some fundamental concepts of group theory that are 
needed in the derivation of the selection rules. Generally, group theory is a branch of 
mathematics that describes the properties of an abstract model of phenomena that 
depend on symmetry. These symmetry properties are normally expressed by the 
invariance (invariant form) of the equations of motion under certain definite 
transformations. It is well known that the point group is the group of orthogonal 
transformations in three-dimensional space. The elements of a point group are certain 
rotations of three-dimensional space, and also rotations accompanied by inversion. Any 
element of a rotation group can be represented as a rotation through an angle φ about a 
certain axis. If the rotation through an angle φ belongs to a group, then the rotation 
through an angle nφ, where n is an integer, also belongs to the group. Therefore, in a 
finite group, the angle φ is a rational fraction of 2π. If the smallest angle of rotation 
about an axis is 2π/n, the axis is called an n-fold axis. However, in an infinite group, the 
angle of rotation could be infinitesimal and the groups have infinite elements, such as 
the full rotation group describing a potential or system with spherical symmetry.  
 
 In the case of three-dimensional space, the proper rotations by all possible angles 
about a fixed axis form the axial rotation group. The full rotation group, SO(3), consists 
of all proper rotations about all axes through a point. And it becomes the full rotation 
and reflection group, O(3), when all improper rotations are included. Here, proper 
rotation refers to the rotation with respect to a line (axis of rotation), and the improper 
 





rotation is equivalently the combination of a rotation and an inversion in a point on the 
axis.  
 
The eigenvibrations of a free-surface sphere have been discussed in Chapter 4. 
From Eqs. (4.23-4.27), it is noticed that all spheroidal and torsional eigenvibrations 
possess spherical symmetry because spherical harmonics Ylm dominate the θ and φ 
components of the vibrational displacements. Taking the torsional mode of l = 1 as an 
example, its displacement is given by Eq. (4.44), i.e. ( ) = ( )lm lmbu r M r , where lmb  is 
constant, 
( 1) ( ) ( )lm l lml l j pr= + ΩM C , and ( )1( ) ( )sin( 1)
lm
lm lm
imY e Y e
l l θ θ ϕθ
Ω⎛ ⎞Ω = −∂ Ω⎜ ⎟+ ⎝ ⎠
r rC . 
Then the three degenerate torsional modes l,mu  of l = 1 are given below: 
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                            (5.1) 
Incorporating the constants of spherical harmonics and 1( )j pr  into B, Eq. (5.1) 
becomes 
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                                    (5.2) 
Calculations show that these degenerate torsional modes of l = 1 are orthogonal to each 
other and compose an invariant three-dimensional vector space (1)R . Considering the 
 





reflection operation (σ), the torsional eigenvibration of l = 1 transforms according to the 
irreducible representation (1)gD  of O(3). Similarly, for other torsional and spheroidal 
modes, each mode is of 2l + 1 degeneracy and its 2l + 1 degenerate modes also compose 
an invariant 2l + 1 dimensional vector space ( )lR . Therefore, all these eigenmodes 
including proper and improper rotations transform according to the irreducible 
representation of O(3). 
 
5.3    The current controversy surrounding Raman selection rules  
5.3.1   Controversy surrounding Raman selection rules 
As discussed in Chapters 1 and 4, the nanoparticles studied are only several 
nanometers in diameter in most Raman experiments. For simplicity, they are assumed to 
be ideal spheres with free-surface conditions and the Lamb theory is widely used in the 
theoretical analysis. In order to assign the observed Raman peaks, Duval [13] first 
derived the Raman selection rules for eigenvibrations of a nanosphere using group 
theory. When the sphere diameter D « λ, the wavelength of the excitation light (usually 
~ 500 nm), only the electronic dipole moment is considered in the interactions between 
the incident light and the sphere’s eigenvibrations. Duval showed that only spheroidal 
modes with l = 0 or 2 were Raman-active while torsional modes were not observable by 
Raman scattering [13]. Very recently, using parity arguments, Kanehisa concluded that 
only torsional modes with angular momentum l = 2 are Raman-active [14]. Thus his 
selection rules differ radically from those of Duval [13]. A comment, by Goupalov et al. 
[15], refuted Kanehisa’s model which he defended in a subsequent rebuttal [16]. 
Interestingly, Tanaka [6] et al. claimed that all torsional modes of odd l were Raman-
 





active. However, it is to be noted that the majority of Raman experimental results is 
adequately accounted for by Duval’s selection rules [2-5,17-20] despite Wu [21] 
reporting the observation of torsional modes in his Raman experiment of silicon 
nanocrystals. In the following section, calculations of Raman intensities of torsional 
modes based on a macroscopic model are presented. The results are consistent with the 
selection rules of Duval. 
 
5.3.2   Calculation of Raman intensities of torsional modes of a nanosphere  
In previous theoretical studies, Montagna and Dusi [22-25] used a macroscopic 
approach to calculate Raman spectral intensities of the spheroidal modes of a 
homogeneous nanosphere within the continuum approximation. Inelastic light scattering 
by confined acoustic phonons in a sphere can be viewed as fluctuations of its dielectric 
constant (shown as αβδε in below equation) arising from the normal vibrations. Thus the 
Raman spectral density of the scattered light is given by  
                                          *( , ) ( ,0) ( , ) ,i tI dte tωαβ αβ αβω δε δε−∝ ∫q q q                       (5.3) 
where α and β  are the respective directions of polarization of the incident and 
scattered phonon. i sω ω ω= −h h h  and = −h h hi sq k k  are the exchanged energy and 
momentum between the incident (i) and scattered (s) photons for Stokes scattering. This 
fluctuation αβδε  can be described in terms of the space Fourier transform of the 
macroscopic polarizability density tensor. The intensity of the Stokes peaks of the 
Raman spectrum arising from the pth spheroidal mode, of eigenfrequency pω , is then 
given by [22]  
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+∝                                           (5.4) 
where ( )pn ω  is the Bose-Einstein factor and ( )pCαβ ω  is the mode-radiation coupling 
coefficient.  
 
In the Raman experiments, the particle size is small (usually ~10 nm) relative to 
the wavelength of the excitation radiation (usually ~500 nm). Hence, the phase of the 
excitation light within the particle can be assumed to be constant, and only the electric 
dipole moment need be considered in the light scattering process. Higher-order 
multipole moments such as the quadrupole moment can be neglected. In the dipole-
induced dipole model [23], the Raman coupling coefficient is given by  









∂⎡ ⎤= ⎢ ⎥∂⎣ ⎦∑ ∫
x
                         (5.5) 
where the integral is over the entire volume of the nanosphere, Aαβγδ  are quantities 
related to the microscopic structure of the nanosphere and the dipole-induced dipole 
scattering mechanism, xδ  and ( , )e pγ x  are the Cartesian components of the position 
and the normalized displacement for the pth spheroidal mode, respectively. It is noticed 
that the macroscopic method is not limited to dipole-induced dipole interactions [25]. 
 
To calculate the intensity of the Stokes peak arising from torsional mode, we 
shall apply Montagna and Dusi’s method and express the components of the pth 
torsional mode as [26] 
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                                      (5.6) 
where l and m are the angular momentum and azimuthal quantum numbers respectively.  
Here, ( )l krΨ  is related to the spherical Bessel functions by 1( ) ( ) ( )ll lkrkr j krΨ = −  
where /p tk Vω= , and tV  is the transverse acoustic velocity. ( , )l ml pl lQ a r Y θ φ⎡ ⎤=⎣ ⎦  is a 
potential with the symmetry of the spherical harmonics, and pla  is given by the free-
surface boundary conditions.  
 
Differentiating Eq. (5.6) with respect to spatial coordinates, followed by 
integration over the volume of the nanosphere yields 
( , )
( ) l l
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x x x
γ
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            (5.7) 
where ( )A r , ( )B r  and ( )C r  are radial functions. To evaluate the integral, we first note 
that xα  has the angular dependence of the spherical harmonics 1
mY , where 0, 1m = ± , 
while x xα β  can be regarded as a linear combination of 
0
0Y  and 2
mY , where 0, 1, 2m = ± ± . 
In addition, the spatial derivatives of lQ  transform as 1lQ − . Based on the orthogonality 




 lQx x dV
xβ δ α
∂
∂∫  are non-zero only if l = 1 or 3. It is found that the values of the two 
integrals are equal for l = 1 and 3. Hence, it follows that the contribution from terms in 
 





the first square bracket on the right hand side of Eq. (5.7) is zero. Similarly, terms in the 











for any l. It then follows from Eq. (5.5) that the coupling coefficient Cαβ  for all 
torsional modes is zero. Hence, the calculations show that the Raman intensity of all 
torsional modes of a nanosphere is zero, and as a consequence, these modes are not 
observable by Raman scattering.  
 
These results, when considered together with the predictions of Duval [13], cast 
doubt on the validity of Kanehisa’s selection rules, which state that only torsional 
modes of odd l are Raman-active, and are also inconsistent with those of Tanaka et al. 
[6] which predict that all torsional modes of odd l are Raman-active. However, these 
numerical calculations are unable to explain why Kanehisa’s model contradicts that of 
Duval’s and the above findings of a theoretical calculation of the mode intensities. Thus, 
a further discussion on Kanehisa’s parity argument is presented below. 
 
Kanehisa’s [14] derivation of the Raman selection rules is as follows. The 
normal vibrations of a homogeneous sphere can be described by the equations below: 
 
                                                         ,φ= ∇L                                                    (5.8) 
                                                        ( ),rψ=∇×M                                           (5.9) 
                                                        ( ),rχ= ∇×∇×N                                    (5.10) 
 
 





where, the scalar potentials φ , ψ, χ satisfy the scalar Helmholtz equation 
2 2( ) 0k f∇ + =  and their angular functions derived from the spherical harmonics Ylm. As 
is well known, Ylm has parity (-1)l. Kanehisa pointed out that L in Eq. (5.8) and N in Eq. 
(5.10) have parity (-1)l+1, and M in Eq. (5.9) has parity (-1)l.  In contrast, Duval [13] 
stated that L and N have parity (-1)l and M has parity (-1)l+1.  
 
From Eq. (4.45), the displacement u of spheroidal modes can be expressed as a 
linear combination of L and N : 
                                             ( ) = ( ) ( ),a c+u r L r N r                                        (5.11) 
where a and c are constants. Therefore, according to Kanehisa’s parity assignment, the 
spheroidal modes have parity (-1)l+1. For instance, the (n = 1, l = 0) spheroidal mode, or 
the so-called breathing mode has the parity (-1)1, that is odd parity. However, the 
breathing mode of a sphere is a highly symmetric radial vibration that involves only the 
expansion and contraction of the whole sphere as shown in Fig. 5.1. In nuclear physics, 
the breathing mode of resonances of the nucleon [27] is considered as possessing even 
parity.  
 
It is noticed that Kanehisa considered the parity of only one arbitrary vector of 
the displacement field, not the motion of whole sphere. If the motion of whole sphere is 
considered, the following definition of parity could be more appropriate, that is, motions 
that retain the center of inversion symmetry are labeled gerade (even) while those for 
which the displacement vectors are reversed on inversion are labeled ungerade (odd) 
[28]. Therefore, as the breathing mode maintains its center of inversion symmetry at all 
 





times, it possesses even parity. For spheroidal modes of l = odd number, its inversion 
symmetry to the original point is not retained in the whole vibrational period. And they 
possess odd parity. Hence, the parity assignments based on the above parity definition 
are consistent with those of Duval’s [13]. Consequently, the selection rules for Raman 
scattering by vibrations of a sphere should be “spheroidal modes with l = 0 and 2” 
(Duval), not “torsional modes with l = 2” (Kanehisa). This conclusion agrees with the 
above macroscopic calculation results that the torsional modes are not Raman 
observable.  
 
In this section, the controversy surrounding Raman selection rules is discussed 
from two aspects, the macroscopic calculation and the parity assignments of the 
sphere’s eigenvibrations. The calculations show that torsional modes are not Raman 
observable, which cast doubt of Kanehisa’s selection rules that only torsional mode of l 
= 2 are Raman-active. It is also noted that Kanehisa’s parity definition could be not 
appropriate to assign the parities of eigenvibrations of a sphere, which results in a set of 
selection rules contradicting Duval’s model. 
 
5.4     Selection rules for Brillouin scattering from eigenvibrations of a 
sphere 
Acoustic eigenvibrations of nano-size spherical particles are usually investigated 
by Raman scattering [2-6] while those of micron-size ones by Brillouin light scattering 
[7-12]. However, it is to be noted that the distinction between Raman scattering and 
Brillouin light scattering is artificial, as the inelastic light scattering mechanism from 
 





eigenvibrations of a sphere is the same. Only the detection technique, which depends 
mainly on the size of the sphere, is different. As mentioned in the last section, much 
controversy surrounds the inelastic light scattering selection rules for the vibrational 
eigenmodes of a sphere. The selection rules put forward by Duval [13], Kanehisa [14], 
and Tanaka [6] are not consistent. Also, no selection rules governing Brillouin light 
scattering (D ~ λ) from confined acoustic modes in a sphere have, to date, been 
reported. Consequently, in previous studies, mode assignments of Brillouin spectra of 
submicron or micron-size silica, polystyrene and CaCO3 spheres were not based on any 
one consistent set of selection rules [7-12]. In some cases, observed spectral peaks were 
assigned as spheroidal modes with l = 0, 2, 4, …, [7-10] while in others, as spheroidal 
modes with l equal to any arbitrary integer [11,12]. To address this problem, a 
derivation of the Brillouin selection rules from group theory and their experimental 
verification are presented in the following two sections.  
 
5.4.1    Derivation of Brillouin selection rules 
The selection rules for inelastic light scattering from confined acoustic modes in 
a homogeneous sphere are now discussed. The elastic displacements u of the modes are 
given by  
                             2 2 2( ) 0,t L tV V∂ − ∇ ∇⋅ + ∇×∇× =u u u                           (5.12) 
where VL and Vt are the bulk longitudinal and transverse velocities respectively. The 
elastic displacements can be categorized into torsional and spheroidal displacements 
which are given respectively by 
                                            ( )t ψ= ∇×u r                                           (5.13) 
 





                                 ( ),l χ φ= ∇ +∇×∇×u r                                              (5.14) 
where ψ, χ and φ are the scalar potentials which satisfy the scalar Helmholtz equation, 
and are expressed in terms of Bessel functions jl and spherical harmonics Ylm in 
spherical coordinates. 
 
As noted in Section 5.2, the symmetry group of the sphere is the group, of the 
proper and improper rotations, that is isomorphic to the full rotation group O(3). Their 
irreducible representations are Dg(l) and Du(l), where l = 0, 1, 2, 3,…, and g and u denote 
even parity and odd parity respectively [29]. The spheroidal vibrations transform as the 
irreducible representations Dg(0), Du(1), Dg(2),… , while the torsional vibrations as Dg(1), 
Du(2), Dg(3),… of O(3) [13]. 
 
In Raman scattering, the sphere diameter is much shorter than the excitation 
light wavelength. Hence, the phase of the excitation light within the sphere can be 
assumed to be constant, and only the electric dipole moment need be considered in the 
light scattering process. The irreducible representations of the components of the dipole 
moment 
i
i ie r∑  transform as Du(1). The operator involved in inelastic light scattering is 
the symmetric polarizability tensor αij (αij = αji) whose components transform as the 
irreducible representations resulting from the symmetric product [13]:  
                                             (1) (1) (0) (2)symmetric[ ] .u u g gD D D D× = +                            (5.15) 
Duval thus concluded from Eq. (5.15) that only spheroidal modes with l = 0, 2 are 
observable by Raman spectroscopy. 
 
 





However, if the diameter of the sphere is comparable to the incident light 
wavelength (D ~ λ), the frequencies of the vibrational modes of sphere lie in the 
gigahertz range, and its modes are thus detectable by Brillouin light scattering. In this 
case, the assumption that the phase of the incident light within the sphere is constant is 
no longer valid. In Mie scattering, a plane electromagnetic wave incident on a spherical 
obstacle is scattered. It is noted that Mie scattering embraces all possible ratios of 
diameter to the electromagnetic wavelength, and surely it includes the scattering in 
which sizes of the particles can be larger than the excitation light wavelength. The Mie 
theory [30] provides a complete analytical solution of Maxwell's equations for the 
scattering of electromagnetic radiation by spherical particles. In Mie theory, besides the 
electric dipole moment, higher-order terms in the electric multipole expansion are also 
taken into account in the series solution [30]. Similarly, besides the electric dipole 
moment, these higher-order terms are also taken into consideration in our derivation of 
Brillouin selection rules.  
 
The components of the electric multipole tensors, of rank k, transform as the 
irreducible representations D(k) of the full rotation group O(3) [29]. Thus, for example, 
the rank 2 multipole tensor, which is the electric quadrupole tensor, has the irreducible 
representation D(2).  
 
As before, the operator involved in the inelastic light scattering is the symmetric 
polarizability tensor whose components transform as the irreducible representations that 
are obtained from the symmetric product [31] 
 





                               ( ) ( ) (0) (2) (4) ( )symmetric[ ] ... ,
k k l
g g g gD D D D D D× = + + + +             (5.16) 
where k = 1, 2, 3, …, and l = 0, 2, 4, …, 2k. 
 
Therefore, it follows that for D ~ λ, only the spheroidal modes of a sphere are 
observable by Brillouin spectroscopy. Unlike Duval’s selection rules for Raman 
scattering, spheroidal vibrations with l = 0, 2, 4, … are Brillouin active. Torsional 
modes are not detectable by inelastic light scattering.   
 
5.4.2    Experimental verification of Brillouin selection rules 
The best way to resolve the controversy over the selection rules is by 
experimental verification (or otherwise) of the various Raman and Brillouin selection 
rules. However, for Raman scattering, very tiny particles (few to tens of nm) are needed 
and the Lamb theory, formulated for a homogeneous, free-surface sphere, is used in the 
data analysis. But particles of such sizes suffer from the following conditions: distortion 
from spherical shape, polydispersity, single crystallinity (i.e. inhomogeneity), and 
embedment in a matrix (non-free surfaces). Additionally, few eigenmodes have been 
observed by Raman scattering and moreover, they usually appear as broad unresolved 
peaks.  In contrast, for Brillouin spectroscopy, submicron or micron sized spheres are 
used. In this size range, monodisperse, amorphous, silica particles of highly spherical 
shape are available in matrix-free form. They thus satisfy the conditions of Lamb’s 
theory. Also, many eigenmodes are observed as well-separated peaks in the Brillouin 
scattering from these silica spheres. Hence, these Brillouin data provide an excellent 
 





basis for ascertaining the validity of the various selection rules for inelastic scattering 
from spheres. 
 
Brillouin light scattering from six samples of matrix-free monodisperse 
amorphous silica spheres, with diameters ranging from 140 – 800 nm, had been 
measured in the 180°-backscattering geometry using a 6-pass tandem Fabry-Perot 
interferometer. The 514.5 nm line of an argon-ion laser was used to excite the spectra. 
The measured spectra contain well-resolved peaks as can be seen in the representative 
spectrum of the 360nm-diameter sphere sample displayed in Fig. 5.1. The variations of 
the measured frequencies of the eigenmodes of the various spheres with sphere diameter 

















































Frequency (GHz)  
Figure 5.1. Brillouin spectrum of 360nm-diameter silica spheres. The experimental data 
are denoted by dots and Brillouin peaks were fitted with Lorentzian functions shown as 
dashed curves. The assignment of the confined acoustic modes, labeled by (n, l), is 























































Figure 5.2. Dependence of frequencies of confined acoustic modes (n, l) in silica 
microspheres on inverse sphere diameters (D). Experimental data are denoted by dots. 
The measurement errors are the size of the dots shown. Solid lines represent theoretical 
frequencies of spheroidal modes with l = 0, 2, 4,…, calculated based on Lamb’s theory 
and our selection rules. 
 
These experimental data were used to ascertain the validity of the various 
selection rules described above based on the following approach. In this approach, the 
measured frequencies of the two lowest-energy modes, of the six sphere sizes studied, 
were used in the evaluation of VL and Vt.  
 
First, a trial assignment of the observed lowest and second lowest energy modes 
was made. Second, the parameters VL and Vt were determined by least-squares fitting 
the data to the Lamb theory [1]. This was done by minimizing the residual 
 













−∑ by varying VL and Vt within the reasonable ranges of 2000 ≤ VL ≤ 7000 
m/s and 1000 ≤ Vt ≤ 5000 m/s as mentioned in Section 4.4.1. Here theoν  and exptν are the 
theoretical and measured frequencies respectively, and N (= 12) the number of mode 
frequencies of the two lowest-energy vibrations for the six sphere sizes studied. Third, 
using the fitted values of VL and Vt, the frequencies of the two lowest-energy modes 
were calculated to check for self-consistency i.e. agreement between the resulting 
energy ordering and the trial assignments. Finally, the frequencies of the higher-energy 
modes are computed for the assignments that meet this self-consistency condition.  
 
We shall now consider the selection rules in which only even-l spheroidal modes 
are observable. Here, when making the trial assignment, all possible pairs of (n, l) for n 
= 1, 2 and l = 0, 2, 4 were considered. This is because our calculations reveal that the 
two lowest-energy modes do not have n and l higher than these values for VL and Vt 
within the same ranges specified above. It was found that almost all the possible choices 
of (n, l) do not satisfy the self-consistency condition. For instance, the trial assignment 
of (1,0) and (1,4) yields, in order of increasing energy, the sequence (1,2), (1,0), (2,2), 
(1,4), … in contradiction to the trial assignment.  
 
It turns out that only two trial assignments meet this self-consistency 
requirement. One of them is (1,0) and (1,2) as the respective lowest and second lowest-
energy modes. Using the fitted VL and Vt based on this assignment, the frequencies of 
the higher-energy modes with even l were calculated. However this assignment is 
unacceptable as there is discrepancy between the calculated and measured vibrational 
 





frequencies of the higher-energy modes. For the other trial assignment of (1,2) and (1,0), 
the frequencies of the corresponding higher-energy modes with even l were computed in 
a similar fashion. Results of the calculations are presented in Fig. 5.2.  It is to be noted 
that the highest energy mode is (4,4) and all modes with lower energy are also displayed. 
Fig. 5.2 clearly illustrates the good agreement between theory and experiment. 
Additionally, a one-to-one correspondence exists between them i.e. not only are all 
observed modes accounted for, but also there is no omission of any theoretical modes 
nor are there any theoretical modes unaccounted for. Hence, our Brillouin selection 
rules are experimentally confirmed.  
 
The fitted values of VL and Vt are 3885 and 2436 m/s respectively. These are 
reasonable values, as they are expected to be lower compared to VL ≈ 5500 and Vt ≈ 
3000 m/s for bulk silica, due to low dimensionality and the possible presence of defects 
as discussed in Ref. 8. Also, these fitted velocities obtained from the confined 
eigenmodes are consistent with the respective VL and Vt values of 3778 and 2518 m/s 
measured by Brillouin light scattering from bulk acoustic modes in 1.45 – 3.95 µm 
silica spheres [8]. It should be emphasized that VL and Vt are just parameters used in the 
fitting and their actual values are not central to the discussion.  
 
In their Brillouin studies of polystyrene and CaCO3 microspheres, Cheng et al. 
and Faatz et al. reported the detection of spheroidal vibrations with l = arbitrary integers 
[11,12]. To check the validity of their mode assignment scheme, the above self-
consistency procedure was first employed to evaluate VL and Vt. Here, in assigning the 
two lowest-energy modes, all possible pairs of (n, l) for n = 1, 2 and l = 0, 1, 2, 3, 4 
 





were considered. However, unlike the above case, there is no particular assignment that 
satisfies the self-consistency condition. Additionally, Cheng et al. and Faatz et al. 
[11,12] reported observing vibrations with l as large as 22 and 24 respectively. However, 
it is highly unlikely that such high-order multipolar modes can be detected as their 
intensities are expected to be extremely low. Hence, it is concluded that their mode 
assignment scheme is invalid. 
 















































Figure 5.3. Dependence of frequencies of confined acoustic modes (n, l) in silica 
microspheres on inverse sphere diameters (D). Experimental data are denoted by dots. 
The measurement errors are the size of the dots shown. Solid lines represent theoretical 
frequencies of spheroidal modes with l = 0, 2, 4, …, while dashed lines represent 
theoretical frequencies of torsional modes with   l = 1, 3, 5,… calculated based on 
Lamb’s theory and selection rules, of Tanaka et al. [6], which permit the observation of 
both even-l spheroidal and odd-l torsional vibrations. 
 
 





Another set of selection rules was proposed by Tanaka et al. [6]. According to 
them, spheroidal modes with even l and torsional modes with odd l are Raman active. In 
this case, for the trial assignment of the two lowest-frequency modes, all possible pairs 
of (n, l) for n = 1, 2 and l = 0, 2, 4 for spheroidal modes, and (n, l) for n = 1, 2 and l = 1, 
3, 5 for torsional modes were considered. For these values of n and l, only the trial 
assignment of spheroidal (1,2) as the lowest-energy mode and torsional (1,3) as the 
second lowest-energy mode meets the self-consistency requirement. 
 
Next, the frequencies of the higher-energy modes were computed. The 
calculated mode frequencies are displayed in Fig. 5.3.  It shows that, for D ~ λ, the 
agreement between theory and experiment is poor. For instance, as seen in Fig. 5.3, the 
theoretical lines representing spheroidal modes (1,0), (1,6) and (1,8), as well as torsional 
modes (1,1) and (2,1) do not coincide with any experimental data points. It is 
noteworthy that based on these selection rules, none of the measured modes can be 
assigned as the (1,0) spheroidal vibration commonly referred to as the breathing mode. 
This is unlikely the case, as this mode appears as an intense low-frequency peak in the 
spectra of nano- and micro-spheres in inelastic light scattering experiments [4,5,7-10]. 
Hence, the mode assignment scheme of Tanaka et al. is not applicable to inelastic light 












5.5     Conclusions 
In this chapter, the Raman and Brillouin light scattering selection rules for a 
free-surface sphere have been discussed. The calculation of Raman intensities of 
torsional modes, for a sphere with D « λ, based on a macroscopic model shows that all 
torsional modes are not Raman-active. Thus, this result agrees with Duval’s selection 
rules and contradicts Kanehisa’s model. Furthermore, we noted that there could be a 
flaw in the parity assignments of these eigenmodes by Kanehisa.  
 
Also, the Brillouin light scattering selection rules for a sphere with a diameter of 
the order of the excitation light wavelength have been derived from group theory. In the 
derivation, besides the electric dipole moment, higher-order terms in the electric 
multipole expansion of the electromagnetic field within the sphere have also been taken 
into consideration. It was found that only the spheroidal modes with l = 0, 2, 4, … are 
observable by Brillouin spectroscopy. Torsional modes are not detectable by inelastic 
light scattering.  Our selection rules, for D ~ λ, allow the observation of confined 
acoustic modes with even values of l ≥ 4, in contrast to Duval’s Raman rules, for D « λ, 
for which l = 0, 2 only. Our selection rules provide a consistent assignment of all modes 
observed by Brillouin scattering from silica microspheres. All other current mode 
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Chapter 6    Brillouin study of hollow carbon microspheres 
 
6.1    Introduction and sample description 
Recently, much theoretical study has been carried out on the vibrational 
eigenmodes of nanostructures such as thin films, nanowires and nanospheres [1-5]. 
Confined acoustic phonons in thin films [7,8] and solid nanospheres [6,9-11] have been 
experimentally observed using Brillouin and Raman scattering. However, as mentioned 
in Chapter 1, there is no report on the experimental study of confined acoustic phonons 
in hollow microspheres. Hollow spheres have many potential applications such as in 
delivery and controlled release systems, chromatography, microreactors, and lithium 
storage [12-16]. For example, amorphous hollow carbon spheres show promise as high-
density lithium storage materials because their hollow structure facilitates Li+ ion 
transport by offering a large surface area and a shorter solid-state diffusion length [14]. 
Additionally, phononic crystals consisting of hollow spheres have been proposed as 
efficient frequency filters based on their intrinsic absolute phononic gaps [17]. In the 
following section, findings of a Brillouin study of the vibrational eigenmodes of hollow 
carbon microspheres are reported. 
 
Monodisperse double-shelled hollow carbon microspheres were prepared using a 
three-step chemical vapor deposition (CVD) method based on the following procedure 
of Su et al. [15]. First, CVD with benzene on silica spheres yielded a carbon/silica 
composite. Second, CVD of silicon tetrachloride on the carbon/silica composite resulted 
 





in a silica/carbon/silica composite. Third, further CVD of benzene on the surface of 
silica/carbon/silica formed a double-layer carbon/silica composite, and finally silica 
species were removed to obtain the desired hollow carbon spheres. The transmission 
electron microscope (TEM) image of the resulting microspheres, given in Fig. 6.1, 
shows their double-shelled hollow structure. The average outer sphere diameter is 1750 
nm, while the thicknesses of the external and interior shells are about 35 and 55 nm 





























Figure 6.1. SEM image (top) of aggregates of monodisperse hollow carbon 
microspheres and TEM image (bottom) showing the double-shelled hollow structure of 
one of the spheres. 
 
 





6.2     Brillouin measurement and data analysis 
As for the Brillouin measurements of silica and polystyrene opals (Chapter 4), 
Brillouin spectra were recorded in the 180°-backscattering geometry as discussed in 
Chapter 3. The Brillouin spectrum, shown in Fig. 6.2, contains two low-frequency peaks 
which, when fitted with Lorentzian functions, yielded peak frequencies of 7.5 ± 0.5 and 
13.2 ± 0.2 GHz. However, because carbon is an opaque material and only low incident 
laser power (several milliwatts) was used in our experiments, it is very unlikely that the 
laser beam can penetrate the carbon outer shell and interact with the inner shell. 
Therefore, even though the sample is a two-shell hollow sphere structure, it behaves 
effectively as a single shell hollow sphere as far as this Brillouin study is concerned. 
Based on the mechanical properties (Young’s modulus = 757 GPa, shear modulus = 337 
GPa, bulk modulus = 334 GPa, density = 3.26 g/cm3) determined by Ferrari et al. for 
76-nm thick carbon films [18] and Eqs. (1.7), (1.8), (1.18), (1.19) and (2.8), the 
calculated bulk longitudinal acoustic mode frequency of carbon is 96 GHz. Obviously, 
the observed mode frequencies are much lower than this value. Thus, the observed 
Brillouin peaks cannot be due to bulk acoustic modes of carbon and are attributed to 














Figure 6.2. Brillouin spectrum of hollow carbon microspheres. Experimental data are 
denoted by dots.  The spectrum was fitted with Lorentzian functions (dashed curves) 
and the two observed Brillouin peaks are assigned to the (2, 2) and (2, 4) spheroidal 
modes. 
 
Shah et al. [19] and Cohen et al. [20] have carried out theoretical studies of the 
eigenvibrations of a stress free hollow sphere. For motions in homogeneous, isotropic, 
elastic solids, the displacement vector u satisfies the following equation:     




μ λ μ ρ ∂∇ + + ∇∇⋅ = ∂
uu u                                        (6.1) 
 





From Eqs. (1.16), (1.18) and (1.19), the Lamè constants λ  and μ are expressed as 
2( 2 ) LVλ μ ρ+ =  and 2tVμ ρ= , where VL  and Vt  are the respective longitudinal and the 
transverse sound velocities of the medium. It is well known that the vector u, satisfying 
Eq. (6.1), can be expressed by a dilatational scalar potential κ  and an equivoluminal 
vector potential H as [19] 
                                                          ,κ= ∇ +∇×u H                                               (6.2) 
when κ  and H satisfy the equations  
                                                          2 2 ,κ α κ∇ = −                                                    (6.3) 
and                                            2 2 , 0,β∇ = − ∇⋅ =H H H                                         (6.4) 
where / LVα ω= , / tVβ ω= ; ω is the angular frequency. For convenience, the above 
equations are solved in spherical polar coordinates. For free boundary conditions, the 
stresses at the outer and inner surfaces of the hollow sphere were set to zero. In other 
words, we have 
                                                          0,rr r rθ ϕτ τ τ= = =                                            (6.5)  
where rrτ , rθτ  and rϕτ  are pertinent stresses and their expressions are given in the 
Appendix. Satisfying these requirement yields the following eigenequations in matrix 
form. They are the torsional branch, 






= =     for l > 1,                              (6.6) 
and the spheroidal branch,                                                                
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= =       for l > 0,                     (6.7) 






= =            for l = 0,                      (6.8) 
where l is the angular momentum. The matrix elements of D1, D2 and D3 are given in 
the Appendix. As shown in Eqs. (6.6-6.8), the eigenvibrations of a free-surface hollow 
sphere are classified into two types viz. the torsional and spheroidal modes. The 
torsional motion [Eq.(6.6)], is characterized by the absence of displacement in the radial 
direction and is purely an equivoluminal motion. In contrast, the spheroidal motion 
[Eqs.(6.7) and (6.8)], has both radial and transverse components. These eigenmodes are 
labeled by the angular momentum quantum number, l = 0, 1, 2, …(for spheroidal modes) 
and l = 1, 2, 3, …(for torsional modes), and n = 1, 2, 3, …which indexes the sequence 
of modes in increasing order of energy. It is noted that for an angular momentum l = 0, 
a special case of spheroidal modes arises in which the atomic displacements are purely 
radial in nature. For instance, the fundamental mode shown in Fig. 6.3, commonly 
known as the breathing mode, involves only the expansion and contraction of the whole 
hollow sphere in the radial direction. Therefore, this type of spheroidal vibration (l = 0) 
differ from other spheroidal modes (with l > 0) which have in addition, shear 




















Figure 6.3.  Schematics of the (n = 1, l = 0) spheroidal mode, the so-called breathing 
mode. 
 
The eigenfrequencies were obtained using a similar method that has been 
discussed in Section 4.2.2. After inputting the parameters (VL and Vt) to the matrixes, D1, 
D2 and D3, the eigenfrequencies were found when the determinants of Eqs. (6.6) – (6.8) 
vanish. However, whether or not these eigenvibrations are observable will depend on 
the selection rules for Brillouin light scattering. In Chapter 5, it has been shown that, for 
a solid sphere, only the spheroidal modes, with even l, are Brillouin-active. Both the 
eigenmode vibrations of solid and hollow spheres have the same mode classifications 
and properties. For example, both their torsional modes are equivoluminal vibrations, 
and both their (n = 1, l = 0) spheroidal modes are “breathing-like” vibrations [21,22]. 
These same vibrational characters suggest that hollow spheres should be governed by 
 





the same selection rules as for solid spheres, namely that only spheroidal modes (n, l), 
of even l, are Brillouin-active.  
 
Hence, only the eigenfrequencies of spheroidal modes with even l were 
considered in the analysis of the Brillouin data. As the input parameters of the following 
computation, the sound velocities VL  and Vt  were obtained from the mechanical 
properties of the carbon film (Young’s modulus Y = 757 GPa, shear modulus G = 337 
GPa, bulk modulus B = 334 GPa, density = 3.26 g/cm3)  studied by Ferrari et al. [18]. 
Based on the following equations:  
                                                         11
4 ,
3
C B G= +                                                   (6.9) 






CCCCY ++−= ,                                     (6.10) 
                                        12 ,C λ=  44 ,C μ=  11 2 ,C λ μ= +                                      (6.11)       
                                              11( 2 ) / /LV Ck
ω λ μ ρ ρ= = + = ,                           (6.12)                        
and                                        44/ /tV Ck
ω μ ρ ρ= = = ,                                      (6.13) 
the sound velocities VL  and Vt  were calculated to be 15500 and 10185 m/s, respectively. 
Parameters of this carbon film were chosen as the outer spherical shell thickness of 35 
nm is of the same order as the film thickness. Next, the eigenfrequencies of spheroidal 
modes, with even l, were calculated for l values up to 12 and for n values up to 2, as 
only the frequency region below 20 GHz is of interest. The calculated mode (n, l) 
frequencies are shown in Table 6.1. 
 
 





( n, l ) Frequency (GHz) 
(1, 2) 2.18 
(1, 4) 2.71 
(1, 6) 3.04 
(1, 8) 3.60 
(1, 0) 4.27 
(1, 10) 4.49 
(1, 12) 5.70 
(2, 2) 7.42 
(2, 4) 12.90 
(2, 6) 18.56 
(2, 8) 24.24 
(2, 10) 29.93 
… … 
 
Table 6.1. The calculated eigenfrequencies of spheroidal modes with even l. Only 
frequencies of modes with l  up to 12 and n values up to 2 are shown. 
 
It is noted that the measured Brillouin frequencies of 7.5 ± 0.5 and 13.2 ± 0.2 
GHz are very close to the theoretical values of the spheroidal (2, 2) and (2, 4) modes 
 





respectively. Hence, the two observed peaks are attributed to these modes. Modes with 
energy lower than that of the (2, 2) mode were not observed as they were obscured by 
the intense peak due to elastic scattering. Also, modes of frequencies above that of the 
(2, 4) mode were not observed, as in general, higher frequency modes have lower 
intensities, a behavior which is consistent with that observed by Kuok et al. and Lim et 
al. in their Brillouin studies of silica microspheres [9,10].  
 
6.3   Conclusions 
In summary, the low-frequency eigenvibrations of hollow carbon microspheres 
have been investigated by Brillouin light scattering. The eigenfrequencies of these 
confined acoustic modes were calculated based on the elasticity theory under free 
boundary conditions. The analysis shows that the Brillouin peaks arise from the 
spheroidal modes of the hollow carbon spheres. The good agreement between the 
numerical and experimental data suggests that the elastic constants of hollow carbon 
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Chapter 7    Brillouin study of acoustic phonon confinement 
in GeO2 nanocubes 
 
7.1     Introduction and sample description 
Numerous investigations into the acoustic phonon quantization in nanospheres 
have been undertaken over the last two decades. They were mainly carried out using 
experimental techniques such as Raman scattering, Brillouin light scattering and time-
resolved spectroscopy [1-7]. The measured frequencies ν of the vibrational resonant 
modes or eigenmodes of the nanospheres, were found to be in good agreement with 
Lamb’s theory, which states that ν ∝ 1/D, where D is the nanosphere diameter [8]. 
Information on the elastic properties of these spheres can be extracted from the 
measured frequencies of their resonant modes or eigenmodes.   
 
For nanostructures of shapes other than spheres and films, information on their 
vibrational eigenmodes is either not available or scarce. For instance, it is not clear what 
is the dependence of eigenmode frequencies on the shape, size, and elastic properties of 
these nanostructures. The main reason for this is that high-quality monodisperse non-
spherical nanoparticles were not available for study. It is only recently that such 
nanoparticles of cubic shape, for example, have been successfully fabricated [9,10]. In 
this chapter, an investigation into acoustic mode quantization in GeO2 nanocubes by 
Brillouin light scattering is reported. It has been shown in Chapters 4 and 6 that 
 





Brillouin light scattering is an excellent non-destructive technique for investigating 
acoustic phonon confinement in low-dimensional structures. Such investigations 
measure the frequencies of the phonon modes in the structures examined.  
 
As mentioned in Section 2.2.3, a major advantage Brillouin light scattering has 
over time-resolved spectroscopy [6,7,11-14] is that it directly probes phonon modes in 
the frequency domain, rather than in the time domain as is done in the latter method. 
Additionally, in general, more acoustic eigenmodes are detected by Brillouin than by 
time-resolved spectroscopy, for which typically only one or two modes are measured 
[3-7,11-14]. For example, using the latter technique, Petrova et al.[11] observed only 
two modes in silver nanocubes. In contrast, six eigenmodes appearing as well-resolved 
spectral peaks were detected in this Brillouin study of GeO2 nanocubes. The many 
eigenvibrations observed provide a possibility to, among other things, convincingly 
establish the relation between the frequencies of these modes and the nanocube size. A 
finite element method is applied in the theoretical analysis of the eigenvibration of a 
free-surface GeO2 nanocube. An introduction of finite element analysis is presented in 
next section. As a dielectric oxide, GeO2 shows great promise as a material for 
application in areas such as optoelectronic communications and photonic devices 
[15,16]. 
 
The GeO2 samples were fabricated following the reverse micelle technique 
detailed in Ref. 17. An outline of the fabrication method is as follows. Germanium 
tetrachloride (GeCl4), octane, and water were used as the precursor, oil phase, and water 
phase respectively, while oleylamine and cetyltrimethylammonium bromide (CTAB) 
 





were used as surfactants. The GeCl4-oleylamine-oil phase solution was then dropped 
into the water-CTAB-oil phase solution accompanied by rigorous magnetic stirring for 
180 min. Subsequently, GeO2 nanocubes were separated from the solution by 
centrifugation. Four batches of cubes, with size distribution of the order of 10%, and 
respective edge lengths L = 150, 200, 300, and 600 nm, were prepared in this way. 
Analyses using TEM, FESEM and XRD revealed that the resulting particles are single 
crystals of GeO2 cubes of hexagonal structure. Two representative TEM images, those 



























        
 











7.2     Finite element analysis 
Finite element analysis (FEA) is a computer simulation technique widely used in 
science and engineering studies. It uses a numerical approximation method called the 
finite element method (FEM). The finite element method in structural mechanics is 
usually based on an energy principle, such as the virtual work principle or the minimum 
total potential energy principle. The principle of minimum total potential energy is a 
fundamental concept used in physics, chemistry, biology, and engineering. It asserts that 
a structure or body shall deform or displace to a position that minimizes the total 
potential energy, with the lost potential energy being dissipated as heat. For example, a 
marble placed in a bowl will move to the bottom and rest there, and similarly, a tree 
branch laden with snow will bend to a lower position. The lower position is the position 
of minimum potential energy: it is the stable configuration for equilibrium. This 
principle of minimum potential energy is essentially a restatement of the second law of 
thermodynamics. It states that for a closed system, with constant external parameters 
and entropy, the internal energy will decrease and approach a minimum value at 
equilibrium.  
 
 In actual applications of FEA, the first step is to construct a finite element 
model of the structure to be analyzed. The input of a topological description of the 
structure's geometric features is required. This can be in either 1D, 2D or 3D form, 
modeled by lines, shapes or surfaces representation respectively. Once the finite 
element geometric model has been created, a meshing procedure is used to define and 
break the model up into small elements. In general, a finite element model is defined by 
a mesh network, which is made up of the geometric arrangement of elements and nodes. 
 





Nodes represent points at which features such as displacements are calculated. The next 
stage of the FEA process is analysis. Equations of equilibrium, in conjunction with 
applicable physical considerations such as compatibility and constitutive relations, are 
applied to each element, and a system of simultaneous equations is constructed. The 
system of equations is solved for unknown values using the techniques of linear algebra 
or nonlinear numerical schemes, as appropriate. While being an approximate method, 
the accuracy of the FEA method can be improved by refining the mesh in the model i.e. 
by using more elements and nodes. In this study, the FEA was used for the 
determination of stresses, displacements and frequencies of the eigenvibrations of GeO2 
cubes. 
  
7.3     Brillouin measurement and data analysis 
As for the Brillouin measurements of silica and polystyrene opals (Chapter 4), 
Brillouin spectra were recorded in the 180°-backscattering geometry as discussed in 
Chapter 3. A typical Brillouin spectrum of GeO2 nanocubes with average edge length L 
= 150 nm is shown in Fig. 7.2. It features six distinct peaks lying below 30 GHz. All 
spectra recorded were fitted with Lorentzian functions and the resulting peak 


















Figure 7.2. Brillouin spectrum of GeO2 nanocubes with mean edge length of 150 nm. 
Experimental data are denoted by dots. The Brillouin peaks were fitted with Lorentzian 

















Figure 7.3. Dependence of measured and calculated mode frequencies on inverse GeO2 
cube edge length L. Experimental data are denoted by dots, with the uncertainties 
represented by error bars. The theoretical dependence, calculated using the finite 
element method, is represented by solid lines.  
 
The analysis of the eigenvibrations of the crystalline GeO2 nanocubes, based on 
the finite element method, was carried out as follows. These crystalline cubes of 
hexagonal crystal symmetry have five independent elastic constants. The elastic 
constants, for bulk GeO2 crystals with hexagonal symmetry, have been determined by 
Grimsditch et al.[18]. Their values are C11 = 64, C33 = 118, C12 = 22, C13 = 32, and C44 
= 36 GPa. In the calculations, the axes of the Cartesian coordinate system were chosen 
to be parallel to the edges of the GeO2 nanocube. Hence, it was necessary to transform 
 





the elastic constants based on the IRE reference system to those referred to the axes of 
the nanocube. 
 
Wu et al. [17] have carried out the indexing of the cube with hexagonal crystal 
symmetry using computer simulations based on the BFDH (Bravasis, Freidel, Donnary 
and Harker) method and the HP (Hartman and Perdok) model [19]. The growth of the 
crystal was simulated and the equilibrium morphology, and hence the face orientations, 
were determined. It was found that the initial hexagonal prism with two hexagonal 
pyramids at both ends eventually grow into a cube-like object, in excellent agreement 
with experiments [17]. The face orientation, with respect to the hexagonal axes of the 



































Based on the known face orientations, the elastic constants, with respect to the 
orthogonal cube edges, were evaluated using the following transformation matrix L 
                     
3
, , , 1
C C
=
′ = ∑ijkl ir js kt lu rstu
r s t u
L L L L ,                                   (7.1) 
where Crstu  is the elastic stiffness tensor in the IRE reference system. It is a fourth rank 
tensor with five independent components for a hexagonal crystal system. The four 
indices for the elastic constants can be reduced to two, such that C C′ ′→ijkl pq , where p, 
q = 1, 2, 3, 4, 5, 6. Hence, for instance, the original 44C  is different from the 
44C′ referred to the rotated coordinate system whose axes are parallel to the cube edges. 
The 44C′  is a combination of all the original elastic constants including 44C . It turns out 
that all the 36 elements of the rotated elastic tensor are non-zero. 
 
The  displacement  field  u(r, t)  of  an  elastic  medium of density  ρ(r)  is  given  
by the following equations  
                                                         
2 2






                                  (7.2) 
A finite element method was then employed to solve the equations for a free GeO2 
nanocube. The vibrational eigenmodes of an isotropic cube have been theoretically 
studied by Demarest using the Rayleigh-Ritz method [20]. In his analysis, any 
eigenmodes of a free-surface cube can be expressed by the product of three Legendre 
polynomials. Thus, based on the parities of these Legendre polynomials, the vibrational 
eigenmodes of an isotropic cube can be classified as dilatational, torsional, shear or 
 





flexural. However, it is not known how the modes in anisotropic GeO2 nanocubes 
studied can be similarly classified.  
 
Values of the elastic constants, determined by Grimsditch et al.[18] for the bulk 
GeO2 crystal, were initially used in the finite element calculations. However, based on 
these values, the calculations cannot produce the lowest-energy mode observed for our 
nanocubes. Demarest reported that for an isotropic cube, the torsional mode frequency 
is very sensitive to variations in C44 [20]. However, as stated above, the present 44C′  is 
not equal to C44, but is instead a combination of all the original elastic constants. Hence 
to obtain the lowest-energy mode, for simplicity, all the elastic constants of the bulk 
material were uniformly reduced by half in the calculations. 
 
The calculated dependence of the eigenmode frequencies on cube size is 
presented in Fig. 7.3, which clearly reveals that the frequencies ν are inversely 
proportional to the cube edge length, i.e. ν ∝ 1/L. It is noteworthy that this dependence 
is similar to the ν ∝ 1/D relationship found for the eigenvibrations of nanospheres with 
diameter D [1-5]. Also obvious from Fig. 7.3 is the good agreement between 
experiment and theory.  
 
As discussed in Chapter 4, defects such as pores exist in silica particles [21], and 
the presence of defects in nanostructures can result in a decrease of their Young’s 
modulus [22,23]. In their study of silica microspheres, Lim et al.[4] found that the 
Young’s modulus is some 60% lower than that of bulk silica, an effect which they 
 





attributed to pores in their samples. Defects also exist in the samples studied as shown 
in Ref. 17 , and as the smallest cube of L = 150 nm is still relatively large for any size 
effects to be of significance, it is likely that the observed reduction of their elastic 
constants is due to the presence of defects in them.  
 
Simulations of the configurations of the eigenmodes of the GeO2 nanocubes 
were also performed. Fig. 7.5 depicts simulated configurations within a half cycle of 
oscillations, of the lowest-energy mode. This eigenmode has a mainly torsional-like 
character. To elucidate its character, animations corresponding to the lowest-energy 
eigenmode were generated, which upon inspection, revealed that the character of this 
mode is predominantly associated with the torsional vibration. The nature of this mode 
is therefore similar to that of the lowest-energy mode of an isotropic cube reported by 
Demarest [20]. Interestingly, the present simulations also show that the lowest-energy 





















Figure 7.5. Simulated configurations within a half cycle of oscillations, of the lowest-
energy eigenmode of the GeO2 nanocube, are shown in a sequence from 1 to 9. The 
undeformed configuration is shown as a cube with solid straight lines. In the illustrations 
the colors represent the relative displacement magnitudes, with red denoting the 













7.4    Conclusions 
In summary, inelastic light scattering from aggregates of monodisperse GeO2 
nanocubes, with various mean edge lengths, has been measured. Up to six well-resolved 
Brillouin peaks were observed. A finite element analysis revealed that these peaks are 
due to the eigenvibrations of individual nanocubes arising from spatial confinement. It 
has been convincingly established that the ν ∝ 1/L relation between the eigenvibration 
frequency ν and the mean cube edge length L, which is similar to the ν ∝ 1/D 
relationship found for the eigenvibrations of nanospheres with diameter D. This 
Brillouin measurement represents the only direct observation, in the frequency domain, 
of acoustic phonon confinement in a nanocube. The elastic constants of the nanocubes 
were found to be much lower than those of the corresponding bulk material, and this 
reduction is probably due to defects present in the samples. Unlike the dilatational, 
torsional, shear or flexural eigenvibrations of an isotropic cube, it is not known how the 
modes in anisotropic GeO2 nanocubes studied can be similarly classified. However, 
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Chapter 8   Conclusion 
 
Nanostructures, the foundation of nanoscience and nanotechnology, possess 
unique chemical and physical properties compared to their corresponding bulk and hold 
great promise in a variety of applications such as catalysis, magnetic data storage, 
nonlinear optics and optoelectronics [1,2]. In these applications of nanostructures, their 
acoustic and mechanical properties are especially important to their performance and 
reliability [3]. In this thesis, Brillouin light scattering, as an nondestructive investigative 
tool, was employed to investigate the acoustic and mechanical properties of 
nanostructures of three different shapes, viz. silica and polystyrene nanospheres (see 
Chapter 4), hollow carbon microspheres (see Chapter 6) and GeO2 nanocubes (see 
Chapter 7). In addition, the selection rules for inelastic light scattering from the 
eigenvibrations of a sphere were derived from group theory. 
 
The inelastic light scattering from single isolated silica nanospheres, as small as 
260 nm, was successfully measured by a micro-Brillouin system [4]. The measured 
mode frequencies ν were found to be inversely proportional to the sphere diameter D, 
i.e. ν ∝ 1/D, and to agree with the theoretical predictions based on Lamb’s theory. 
Therefore these observed Brillouin peaks were attributed to the confined acoustic modes 
of a sphere. Furthermore, such measurements experimentally verify Lamb’s theory for 
an isolated sphere as it represents a near realization of the ideal free-surface boundary 
condition specified in the theory. The elastic properties of a single silica nanosphere 
 





were obtained by fitting the measured mode frequencies. The Young’s modulus of 
single silica nanosphere was found to be significantly lower than that of bulk silica. This 
reduction was attributed to pores and microcracks in the nanospheres. Simulations 
showed that the interactions among adjacent spheres in opals are negligible and the size 
polydispersity is the main factor contributing to the linewidth broadening observed in 
their Brillouin spectra. Besides the confined acoustic modes observed in silica and 
polystyrene nanospheres, bulk longitudinal acoustic (LA) modes in the spheres as well 
as bulk LA modes in the nanosphere-air composites were also observed in polystyrene 
microspheres (D ≥ 701 nm) and aggregates of loose polystyrene nanospheres with 80 
nm ≥ D ≥ 20 nm, respectively. 
 
The selection rules for Raman and Brillouin light scattering from acoustic 
eigenmodes of nanospheres were also studied. A calculation of Raman intensities of 
torsional modes, for a sphere with D « λ (the wavelength of the excitation radiation), 
based on a macroscopic model shows that all torsional modes are not Raman-active. 
This result is consistent with Duval’s selection rules but contradicts Kanehisa’s. By 
examining the parity assignments of eigenmodes of a sphere, it was noted that the 
definition of parity adopted by Kanehisa may not be appropriate. Group theory was used 
to derive the Brillouin selection rules for a sphere with a diameter of the order of the 
excitation light wavelength. In the derivation, besides the electric dipole moment, 
higher-order terms in the electric multipole expansion of the electromagnetic field 
within the sphere have also been taken into consideration. It was found that only 
spheroidal modes with l = 0, 2, 4, … are observable by Brillouin spectroscopy. 
Additionally, torsional modes are still not detectable by inelastic light scattering. Our 
 





well-resolved Brillouin spectra of silica nanospheres provided an experimental 
verification of our newly derived selection rules and, except for Duval’s selection rules, 
disproved the validity of other existing models.  
 
Two vibrational modes below 20 GHz were observed in the Brillouin 
measurement of hollow carbon microspheres with nanoscale thickness [5]. It was noted 
that the observed mode frequencies are much lower than that of bulk carbon 
longitudinal acoustic mode. Based on the elasticity theory, the eigenmode frequencies 
of hollow carbon microsphere were calculated under free boundary conditions. The 
good agreement between the calculated and experimental data shows that the Brillouin 
peaks arise from confined acoustic modes of the hollow carbon spheres. Additionally, 
the two observed modes were attributed to the spheroidal (2,2) and (2,4) modes, 
respectively. Here, the Brillouin selection rules for the hollow sphere are considered to 
be the same as those for the solid sphere as they have the same mode classifications and 
properties. In addition, it was found that the elastic constants of hollow carbon 
microspheres are similar to those of carbon films of similar thicknesses.  
 
The eigenvibrations of monodisperse GeO2 nanocubes, with various mean edge 
lengths, have been investigated by Brillouin light scattering [6]. It was found that the 
measured peak frequencies ν are inversely proportional to the edge length L of the cube, 
which is similar to the ν ∝ 1/D relation found for the eigenvibrations of nanospheres 
with diameter D.  Calculations based on finite element method are consistent with this ν 
∝ 1/L relation and showed good agreement with the experimental data. Thus, the 
observed Brillouin peaks are attributed to eigenvibrations of individual nanocubes 
 





arising from spatial confinement. The elastic constants of the nanocubes were found to 
be only half of those of the corresponding bulk material, and this reduction is probably 
due to defects present in the samples. As the GeO2 nanocubes studied are not isotropic 
cubes, the observed eigenmodes can not be similarly classified as dilatational, torsional, 
shear or flexural modes. Interestingly, animations of the lowest-frequency eigenmode 
show that this mode has a predominantly torsional-like character. 
 
This thesis has demonstrated that Brillouin light scattering is a powerful tool for 
evaluating the acoustic and mechanical properties of nanostructures. Using our self-
designed micro-Brillouin system, the mechanical properties of a single isolated 
nanosphere as small as 260 nm, can be obtained. Interestingly, it is only about half of 
514.5 nm excitation laser light wavelength. In addition, this research revealed that the 
eigenvibrations of nanostructures represent strong size-dependent features. Generally, 
nanostructures with larger sizes have lower eigenmode frequencies. Such information 
should be valuable to the design and explorations of nano devices and systems. 
 
As regards the study of acoustic vibrations of nanostructures, two suggestions 
are listed below. First, a coherent detection technique could be utilized in the 
measurement of Brillouin shifts to achieve higher frequency resolution [7]. In a direct 
detection of Brillouin shifts, the Brillouin signal is optically separated from the much 
stronger, elastic, Rayleigh component by a Fabry–Perot or fiber Mach–Zehnder 
interferometers. In contrast, the coherent detection technique employs a strong, narrow 
linewidth, optical local oscillator, which allows very good electrical filtering of the 
Brillouin component and so a much greater tolerance of Rayleigh contamination than 
 





direct detection. More importantly, a frequency resolution of about 5 MHz is expected 
in the coherent detection technique. A higher frequency resolution will be helpful to 
resolve more Brillouin peaks and provide a higher measurement precision. Second, as 
discussed in Chapter 5, higher-order dipole moments have been taken into account in 
the derivation of Brillouin selection rules for the eigenvibrations of a sphere. A 
quantitative study, such as a calculation of Brillouin peak intensities, will enhance the 
understanding of how such higher-order dipole moments contribute to inelastic light 
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The pertinent stresses τ  can be written as: 
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where, ,n nj n  are spherical Bessel functions of the first and second kinds; σ is Poisson 
ration;  
1 1( ) ( ) ( )n n n n nZ r A j r B n rα α α= +  and 2 2( ) ( ) ( )n n n n nZ r A j r B n rβ β β= + ; 1nA , 2nA , 1nB , 
2nB , 1a , 2a  and 3a  are arbitrary constants. 
 
The matrix elements in Eqs. (6.6-6.8) are shown as follows:  
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where, ,n nj n  are spherical Bessel functions of the first and second kinds. For matrix D2, 
elements in the third and fourth rows are obtained by replacing a with b in the 
expressions for the terms of the first and second rows, respectively. Similarly, elements 
in the second rows of D1 and D3 can be obtained from their first rows in the same way.  
